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PREFACE. 



THE present Treatise is a reproduction of the first part 
of a Treatise on Hydrostatics and Hydrokinetics, the 
third edition of which was published in 1877. 

The pressure of other work has hitherto prevented me 
firom carrying out the intention, mentioned in the preface 
to the fourth edition, of reproducing the second part of the 
treatise, but I still retain the hope, if time and health 
permit, of doing so at no distant date. 

The instalment of Hydromechanics, which I now offer 
to the student, is intended to cover the ground ranged over, 
in the second four days, in Part I of the Examination for 
the Mathematical Tripos, and to serve as a stepping-stone 
in the advance to the higher regions of Hydrokinetics, and 
its applications to the theory of sound, and the oscillations 
of liquid waves. 

The various additions which have been made to several 
)f the Chapters, and the fresh examples, taken from recent 
examination papers, which have been inserted, mVV^W'cs^^ 
increase the usefulness of this treatise in Yife\pm^ \!cie> ^\av^<5?dX» 
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to acquire sound views of the theory of the subject, and skill 
in the solution of examples and problems. 
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2 DEFINITION OF A FLUID. 

will be entirely normal to it; that is, a perfect fluid is 
assumed to have no " viscosity," no property of the nature of 
friction. 

The following fundamental property of a fluid is there- 
fore obtained from the above definition. 

The pressure of a perfect fluid is always normal to any 
surface with which it is in contact 

As a matter of fact, all fluids do more or less offer a 
resistance to separation or division, but, just as the idea of a 
rigid body is obtained from the observation of bodies in 
nature which only change form slightly on the application of 
great force, so is the idea of a perfect fluid obtained from our 
experiences of substances which possess the characteristics pf 
extremely easy separability and apparently unlimited divisi- 
bility. 

The following definition will include fluids of all degrees 
of viscosity. 

A fluid is an aggregation of particles which yield to the 
slightest effort rnade to separate them from each other, if it be 
continued long enough. 

Hence it follows that, in a viscous fluid at rest, there can 
be no tangential action, or shearing stress, and therefore, as 
in the case of a perfect fluid. 

The pressure of a fluid at rest is always normal to any 
surface with which it is in context 

Thus all propositions in Hydrostatics are true for all 
fluids whatever be the viscosity. 

In Hydrodjmamics it will be found that the equations of 
motion are considerably modified by taking account of the 
viscosity of a fluid. 

3. Fluids are divided into Liquids and Gases; the former, 
such as water and mercury, are not sensibly compressible, ex- 
cept under very great pressures; the latter are easily com- 
pressible, and expand freely if permitted to do so. 

Hence the former are sometimes called inelastic, and the 
latter elastic fluids. 
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DEFINITION OF A FLUID. 3 

4. Fluids are acted upon by the force of gravity in the 
same way as solids ; with regard to liquids this is obvious ; 
and that air has weight can be shewn directly by weighing a 
closed vessel, exhausted as far as possible: moreover, the phe- 
nomena of the tides shew that fluids are subject to the 
attractive forces of the sun and moon as well as of the earth, 
and it is assumed, from these and other similar facts, that 
fluids of all kinds are subject to the law of gravitation, that 
is, that they attract, and are attracted by, all other portions 
of matter, in accordance with that law. 

Measure of the Pressure of Fluids, 

5. Consider a mass of fluid at rest under the action of 
any forces, and let A be the area of a plane surface exposed 
to the action of the fluid, that is, in contact with it, and P 
the force which is required to counterbalance the action of the 
fluid upon A, If the action of the fluid upon A be uniform, 

P. 

then -J is the pressure on each unit of the area A, If the 

pressure be not uniform, it must be considered as varying 
continuously from point to point of the area A, and if w be 
the force on a small portion a of the area about a given point, 

then — will approximately express the rate of pressure over a. 

'83' 

When a is indefinitely diminished let — ultimately =p, then 

p is defined to be the measure of the pressure at the point 
considered, p being the force which would be exerted on an 
unit of area, if the rate of pressure over the unit were uni- 
form and the same as at the point considered. 

The force upon any small area a about a point, the 
pressure at which is », is therefore pa + 7, where 7 vanishes 
ultimately in comparison with pa when a (and consequently 
pa) vanishes. 

6. The pressure at any point of a fluid at rest is the same 
in every direction. 

This is the most important of the charactemtvi Y^cs^^sv^Afc^ 



4 MEASURE OF THE PRESSURE OF FLUIDS. 

of a fluid ; it can be deduced from the fundamental property 
of a fluid in the following manner: 

If we consider the equilibrium of a small tetrahedron of 
fluid, we observe that the pressures on its faces, and the im- 
pressed force on its mass, form a system of equilibrating 
forces. 

The former forces depending on the areas of the faces 
vary as the square, and the latter depending on the volume 
and density varies as the cube of one of the edges of the 
solid, which is considered to be homogeneous, and therefore 
supposing the solid indefinitely diminished, while it retains 
always a similar form, the latter force vanishes in comparison 
with the pressures on the faces; and these pressures con- 
sequently form of themselves a system of forces in equi- 
librium. 

Let p, p' be the rates of pressure on the feces ABC, BCD, 
.and resolve the forces parallel to the edge 
AD'j then, since the projections of the 
areas ABC, BCD on a plane perpendi- / 
cular to AD are the same (each equal to >/ 
a suppose), we have ultimately, a^^^ 

pa=p'a, ^N 

/ c 

or jP = p. 

And similarly it may be shewn that the pressures on the other 
two faces are each equal to p or p\ 

As the tetrahedron may be taken with its faces in any 
direction, it follows that the pressure at a point is the same 
in every direction. 

7. The following proof of the foregoing proposition is 
taken from Cauchy's Exerdces*. 

Let P and Q be two points in a fluid at a finite distance 
from each other ; about PQ as axis describe a cylinder of 
very small radius, draw a plane through Q perpendicular to 
QP, draw any plane through P, and consider the equili- 
brium of the mass PQ, 

* Seconde Annie, 1827, p. 23. 
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The pressures on its ends and on its curved surface, and 
the impressed forces which act upon it, form a system of 
balancing forces. 

Let jp, p' be the pressures at Q and P, a the area of the 

section Q of the cylinder, and ^ * 

of of the section P ; then the q C-j (yif 

pressure jp a' on the end P, 

resolved parallel to the axis of the cylinder, is equal to ^a, 
and therefore 

jp'a— pa= the impressed force, resolved parallel to QF, 

Now whatever be the direction of the plane through P, 
this impressed force, when the radius of the cylinder is in- 
definitely diminished, is ultimately equal to the impressed 
force on the portion QF of the cylinder cut off by a plane 
through P perpendicular to the axis*, that is, to 



/ 



/pa dx, 





where mf is the force on a particle m of the fluid at a dis- 
tance X from Q. Hence 

]?'=]? ^r\ pfdx, 

J 

or p' is constant for all positions of the plane through P. 

* The following considerations may complete this part of the proof : 

Let AB, A'B' be the two 
planes through P; p,p' the mean 




densities of APA', BPB'; and r\ j.- 

^, / the accelerations of the ^1* J 

forces which are acting on these ^^ ~ 

portions of fluid. 

Then the difference of the forces on QAB and QA'B' (the volumes of 
which are equal) 

=the difference of the forces on APA' and BPB' 

= {pT'Pf)''rol.APA' 

= S(pf).^aAA% 



/QP 2 

pfdx+~ AA',d{pf). 
ow 



The forces being continuous, the last term is ob^riowsSL^ ^N^Tkfi»(ife\i^ t^orav- 
pared with the other quantitieB in the equation, and p' ia ^JtiKt^Vst^ ^iQiia\«QX« 



6 TRANSMISSION OF FLUID PRESSURE. 

Transmission of Fluid Pressure. 

8. Any pressure, or additional pressure, applied to the 
s^urface or to any other part of a liquid at rest, is transmitted 
equally to all parts of the liquid. 

This property of liquids is a direct result of experiment, 
and, as such, is sometimes assumed. It is however deducible 
from the definition of a fluid. 

Let P be a point in the surface of a liquid at rest, and Q 
any other point in the liquid; about the straight line PQ 
describe a cylinder, of very small radius, bounded by the 
surface at P and by a plane through Q, perpendicular to QP, 

If the pressure at P be increased by p, the additional 
force on the cylinder, resolved in the direction of its axis, is 
pa, a being the area of the section of the cylinder perpen- 
dicular to its axis, and this must be counteracted by an equal 
force pa at Q in the direction QP, since the pressure of the 
liquid on the curved surface is perpendicular to the axis. 
The pressui'e at Q is therefore increased by p. 

If the straight line PQ do not lie entirely in the liquid, P 
and Q can be connected by a number of straight lines, all 
lying in the liquid, and a repetition of the above reasoning 
will shew that the pressure p is transmitted, unchanged, to 
the point Q. 

9. . In consequence of this property, a mass of liquid can 
be used as a 'machine' for the purpose of multipl3dng power. 

Thus, if in a closed vessel full of water two apertures be 
made and pistons A, A' fitted in them, any force P applied 
to one piston must be counteracted by a force P' on the other 
piston, such that P" : P in the ratio of the area A' : A, for 
the increased rate of pressure at every point of A is trans- 
mitted to every point of A\ and the force upon A^ depends 
therefore upon its area*. 

The action between the two is analogous to the action of 
a lever, and it is clear that by increasing -4' and diminishing 
A, we can make the ratio P': Pas large as we please. 

* Bramah's Press is an instance of the practical use of this property of 
liquids. 
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10. The pressure of a gaseous fluid is found to depend 
upon its density and temperature, as well as upon the nature 
of the fluid itself. 

When the temperature is constant, experiment shews that 
the pressure varies inversely as the space occupied by the 
fluid, that is, directly as its density. 

This law was first stated by Boyle, but it is a consequence 
of the more general law that the pressure of a mixture of 
gases that do not act chemically on each other is the sum of 
the pressures the gases would exert if they filled the contain- 
ing vessel separately. For doubling the quantity of gas in 
the vessel would double the pressure, and a similar propor- 
tionate change of pressure would take place for any other 
change of quantity. 

Hence if p be the density of a certain quantity of a gaseous 
fluid, and p its pressure, then, as long as the temperature 
remains the same, 

where A; is a constant, to be determined experimentally for 
the fluid at a given temperature. 

If V be the volume of the gas at the pressure p, and v' 
the volume at the pressure p\ 

pv =jpV, 

or pv is constant for a given temperature. 

11. The Elasticity of a fluid is measured by the ratio of 
a small increase of pressure to the cubical compression pro- 
duced by it. 

If V be the volume, the small cubical compression is 
, and the measure of the elasticity is 

dp 

dv ' 

In the case of a gas pv is constant, 

and .\ p + v -T-=0, 

30 that the measure of the elasticity is equal to that of the 
pressure. 



8 MEASURES OF WEIGHT, MASS, AND DENSITY. 

. If the relation between the elasticity and the pressure is 
given, we can deduce the relation between the pressure and 
the volume. 

For instance, if we can imagine the existence of a fluid in 
which the elasticity is double the pressure, we have 

dp ^ 

from which it follows that p;» is constant. 

Measures of Weighty Mass, and Density, 

12. The weight, mass, and density of a fluid are measured 
in the same way as for solid bodies. 

If W be the weight of a mass M of fluid, then, in accord- 
ance with the usual conventions which define the units of 
mass and force, 

W=^Mg, 

If V be the volume of the mass M of fluid of density />, 
then 

M = pVy 

and .'. W — gpV. 

For the standard substance, /> = 1, and therefore the unit 
of volume of the standard substance i^ the unit of mass. 

If the unit of mass is a pound, the equation, W=Mg, 
shews that the action of gravity on a pound is equivalent to 
g units of force. The unit of force is therefore, roughly, equal 
to the weight of half an ounce, and it is called the Poundal. 

13. In the previous articles no account has been taken 
of fluids in which the density is variable ; but it is easy to 
conceive the density of a mass of liquid varying continuously 
from point to point, and it will be hereafter found that a 
mass of elastic fluid, at rest under the action of gravity, and 
having a constant temperature throughout, is necessarily 
heterogeneous : the density at a point of a fluid must there- 
fore be measured in the same way as the pressure at a point, 
or any other continuously varjdng quantity. 
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Measure of the density at any point of a heterogeneous fluid. 

Let m be the mass of a volume v of fluid enclosing a given 
point, and suppose p the density of a homogeneous fluid such 
that the mass of a volume v is equal to m, or such that 

m=^pv'y 

then p may be defined as the mean density of the portion v 
of the heterogeneous fluid, and the ultimate value of p when 
V is indefinitely diminished, supposing it always to enclose 
the point, is the density of the fluid at that point. 

14. To find the work done in compressing a gas. 

Let V be the volume of a gas at the pressure p, ds an 
element of the surface of the vessel containing it, and dn an 
element of the normal to ds drawn inwards. 

Then the work done in a small compression 

=pldsdn = —pdv, 
and the work done in compressing from F to F' 

:=^jpdv=-j-^, i{pv = C, 

V V 

= 01og Y^==pvl0gy,. 



EXAMPLES. 

(In these Examples g is taken to be 32, when a foot and a second are units.) 

1. ABCD is a rectangular area subject to fluid pressure; 

AB is a fixed line, and the pressure on the area is a given 

function (P) of the length BC (x) ; prove that the pressure 

dP 
at any point of CD is —j- , where a = AB, 

If J. be a fixed point, and AB, AD fixed in direction, and 
if AB = X and AD = y, the pressure at C = .. , • 



10 EXAMPLES. 

2. In the equation W^^gpV, if the unit of force be 100 
lbs. weight, the unit of length 2 feet, and the unit of time 
Jth of a second, find the density of water. 

3. If a minute be the unit of time, and a yard the unit 
of space, and if 15 cubic inches of the standard substance 
contain 25 oz., determine the unit of force. 

4. In the equation, W^gpV, the number of seconds in 
the unit of time is equal to the number of feet in the unit of 
length, the unit of force is 750 lbs. weight, and a cubic foot 
of the standard substance contains 13500 ounces ; find the 
unit of time. 

5. A velocity of 4 feet per second is the unit of 
velocity ; water is the standard substance and the unit of 
force is 125 lbs. weight; find the units of time and length. 

6. The number expressing the weight of a cubic foot of 
water is ^th of that expressing its volume, ^th of that ex- 
pressing its mass, and ^^th of the number expressing the 
work done in lifting it 1 foot. Find the units of length, 
mass, and time. 

7. If the pressure of the atmosphere be the unit of 
pressure, the velocity of sound the unit of velocity, and the 
acceleration due to gravity the unit of acceleration, find 
roughly the unit of force. 

8. If a feet and 6 seconds be the units of space and time, 
and the density of water the standard density, find the rela- 
tion between a and 6 in order that the equation, W ^^gpVy 
may give the weight of a substance in pounds. 

9. A velocity of 8 feet per second is the unit of velocity, 
the unit of acceleration is that of a falling body, and the unit 
of mass is a ton; find the density of water. 

10. The density at any point of a liquid, contained in a* 
cone having its axis vertical and vertex downwards, is greater 
than the density at the surface by a quantity varying as the 
depth of the point. Shew that the density of the liquid when 
mixed up so as to be uniform will be that of the liquid 
originally at the depth of one-fourth of the axis of the cone. 
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11. From a vessel full of liquid of density p is removed 
1/nth of the contents, and it is filled up with liquid of density 
(T. If this operation be repeated m times, find the resulting 
density in the vessel. 

Deduce the density in a vessel of volume V, originally 
filled with liquid of density p, after a volume U of liquid of 
density <r has dripped into it by infinitesimal drops. 

12. The density of a fluid varies from point to point; 
considering directions proceeding from a given point, prove 
that the density varies most rapidly along the normal to the 
surface of equal density containing the point ; and of direc- 
tions in the tangent plane to this surface, the tangents to its 
principal sections are those in which the rate of variation of 
density is greatest and least. 



CHAPTER 11. 

THE CONDITIONS OF THE EQUILIBRIUM OF FLUIDS. 

15. Taking the most general case, suppose a mass of fluid, 
elastic or non-elastic, homogeneous or heterogeneous, to be at 
rest under the action of given forces, and let it be required 
to determine the conditions of equilibrium, and the pressure at 
any point. 

Let a;, y, z be the co-ordinates referred to rectangular 
axes, of any point P in the fluid, and let Q be a point near 
it, so taken that PQ is parallel to the axis of x. 

Take x + Sa?, y, z, as the co-ordinates of Q ; about PQ 
describe a small prism or cylinder bounded by planes per- 
pendicular to PQ, 

Let a be the area of the section of the cylinder perpen- 
dicular to its axis, jp the pressure at P, and p + Sp the pressure 
at Q. 

Then, a being very small, the pressure at any point of the 
plane P will be very nearly equal to p, and the pressure upon 
it will therefore be 

(P+7)a, 
where 7 vanishes in comparison with p when a is indefinitely 
diminished. 

We can therefore consider a so small that 7 may be neg- 
lected in comparison with p, and the pressure on the end P 
of the cylinder may be taken equal to j)a, and similarly the 
pressure on the end Q equal to 

(p + Sp) a. 

If p be the mean density of the cylinder F(i, its mass 
= paSa?, and XpaSx will represent the force on PQ parallel 
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to its axis, if XSm, YBm, Z8m be the components of the forces 
acting on a particle Bm of fluid at the point ayz. 

Hence, for the equilibrium of PQ, 

(p + Sp)a — pa=XpaSx, 

or Sp = pXhx. 

Proceeding to the limit when hx, and therefore Sp, is 
indefinitely diminished, p will be the density at P, and we 
obtain 

By a similar process, 

dy 

But dp — -^ dx '\- ^ dy -^ -^ dz \ 

.'. dp — p{Xdx-\- Ydy + Zdz) (a), 

the equation which determines the pressure. 

16. The pressure is clearly a function of the indepen- 
dent variables x, y, and z^ and we know that 

(f j? _ (^P <Pp _ ^P cPp __ cPp 
dydz "" dzdy ' dzdx ~ dxdz ' dxdy dydx ' 

Hence we obtain from the preceding equations, 



s<'^>=ic^> 



\ («. 



^(,7)=|(,X)J 

* In the above proof, a is taken so small that its linear dimensions may 
be neglected in comparison with dx ; that is, the change in p, corresponding 
to a <&inge dx in x, is considered, undisturbed by any alterations in y and z. 
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Performing the operations indicated we have 

^dp^ydp^ /dY_dZ\ 
dy dz "\ dz dy) ' 

Y^P 7^9 ^ I ^^ dX\ 
dz dx "\dx dz ) ^ 

dx dy \dy dxj' 
Multiplying by X, F, Z, and adding we obtain 

\dz dy) \dx dz J \dy dx) ""^^ 
as a necessary condition of equilibrium. 

The geometrical interpretation of this equation is that 
the lines of force, 

dx ^dy __dz 

can be intersected orthogonally by a system of surfaces. 

17. Homogeneous Liquids, If the fluid be homogeneous 
and incompressible, Xdx + Ydy + Zdz must be a perfect 
differential in order that equilibrium may be possible. 

In other words, the system of forces must be a conser- 
vative system, and the forces can be represented by the space- 
variations of a potential function. 

We then have, if V be the potential function, 

dp = -pdV, 

and .•.■^+F=C. 

P 

18. If, for instance, the forces tend to or from fixed 
centres and are functions of the distances from those centres, 
we have 



z — c] 



where (a, 6, c) are co-ordinates of the centre to which the 
force <^ (r) tends. 
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Now r» = (a?-a)» + (y-6)» + (^-c)*, 

.-. Xdx + Ydy + Zdz = %j> (r) dr, 
and dp = p2^ (r) dr. 

In this case, since 

and ^ - 'f 1 A' /..\ 2^ ^:L? _ A /«.^ ^ " * <^ 



= 2{*'(r)^^-^W2'-T^-*^}. 



it is obvious that the equation (7) is always satisfied, but it 
is not to be inferred that the equilibrium of a heterogeneous 
fluid is always possible with such a system of forces. 

When the density is constant, the equations (/8) become 

dX^dT dZ^dY dX^dZ 
dy dx^ dy dz ' dz dx' 

which are in this case always satisfied, and therefore the 
equilibrium of a homogeneous fluid under the action of such 
forces is always possible. 

19. Elastic Fluids, When the fluid is elastic, an ad- 
ditional condition is introduced, for, if the temperature be 
constant. 



:. ^=^hxdx + Ydy + Zdz) (8). 



k 

If the forces are derivable from a potential V, i.e. if 
Xdx + Ydy + Zdz be a perfect differential — dF, 

k^^-dV. 

p 



.-. k\og^ = -V, 



or p — Ce *,andp=-T6 * 



16 SURFACES OF EQUAL PRESSUBE, AND FREE SURFACES. 

When the forces tend to fixed centres and are functions 
of the distances, Art. (18), this equation takes the form 

and p can be determined. 

If the temperature be variable, the relation between the 
pressure, density, and temperature is found to be 

p-kp(l + at), 

where t is the temperature, measured by a Centigrade 
Thermometer, and a = '003665. 

From this we obtain 



p^^kpa^ + t^^KpZ 



where K = fea, and T—- + t 

a 

T is called the absolute temperature, the zero of which 
is - 273' C. 

T ^, . dp Xdx + Tdy + Zdz 

In this case ~ = fr^ > 

p KT 

and ,\ T must be a function of a?, y, z. 

In any of these cases, if the pressure at any particular 
point be given, the constant can be determined. 

In the case of elastic fluids, if the mass of fluid and the 
space within which it is contained be given, the constant is 
determined. 

20. The equation for determining p may also be obtained 
in the following manner. 

Let PQ be the axis of a very small cylinder bounded 
by planes perpendicular to PQ. 

Let p and p + Sp be the pressures at P and Q, a the 
areal section, and hs the length of PQ, Then, if Shm be the 
component, in the direction PQ, of the forces acting on an 
element 8m, 

(P "^" ^P) ^"P^ = poiSSs, 
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and therefore, proceeding to the limit, 

dp = pSds, 

That is, the rate of increase of the pressure in any direction 
is equal to the product of the density and the resolved part of 
the force in that direction. 

If X, y, z be the co-ordinates of P, and X, F, Z the com- 
ponents of fif parallel to the axes, 

ds ds ds* 

and .*. dp^ p {Xdx -\- Ydy + Zdz) as in Art. 15. 

If the position of P be given by the cylindrical co-ordi- 
nates r, 6y and z, and if P, T, Z be the components of S in 
the directions of r, 6, z, 

ds ds ds 

and the equation for p becomes 

dp = p {Pdr + Trde + Zdz], 

Again, if the position of P be given by the ordinary polar 
-co-ordinates r, 6, ^, and if the components of the force be 
iJ, N, and T, in the directions of r, of the perpendicular to 
the plane of the angle 6, and of the line perpendicular to r 
dn that plane, it will be found that 

^ = iJdr + Nr sin ed6 + TrdO. 
P 

In a similar manner the expression for dp may be obtained 
:for any other system of co-ordinates. 

21. Surfaces of equal pressure. In all cases, in which 
"the equilibrium of the fluid is possible, we obtain by inte- 
^ation 

p = 4>{x, y, z), 

lip be constant {x, y, z)=p (A), 

is the equation to the surface at all points of which the 
pressure is constant, and by giving different values to 'i^ ^^ 
obtain a series of surfaces of equal preasuie, axiA. \Iti^ ^^\.^xv^^ 

B. H, ^ 
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surface, or free surface, is obtained by making p equal to the 
pressure external to the fluid. 

If the external pressure be zero the free surface is therefore 

^{x, y, z) = 0. 
The quantities 

d<f> d<f> d<l> 

dx' dy' dz* 

which are proportional to the direction-cosines of the normal 
at the point {x, y, z) of the surface A, are equal to 

dp dp dp 
dx' dy' dz' 

respectively, i.e. to pX, pY, pZ, and are therefore proportional 
to X, 7, Z. 

Hence the resultant force at any point is in direction of 
the normal to the surface of equal pressure passing through 
the point. 

The surfaces of equal pressure are therefore the surfaces 
intersecting orthogonally the lines offeree. 

It follows from this result that a necessary condition of 
equilibrium is the existence of a system of surfaces ortho- 
gonal to the lines of force, a conclusion derivable also from 
the equation (7) of Art. (16), for that equation is the known 
analytical condition requisite for the existence of such a 
system. 

22. If the fluid be a homogeneous liquid, that is, if p 
is constant, Xdx + Tdy + Zdz must be a perfect differential, 
or in other words, the system of forces must be a conservative 
system. 

In general, when the force-system is conservative, p 
must be a function of the potential F. 

For dp^ — pdV, and dp being a perfect differential, p must 
be a function of V ; hence V, and therefore p, is a function 
of^, and surfaces of equal pressure are equi potential surfaces, 
and are also surfaces of equal density*. 

* These results may also be obtained in the following manner : 

Consider two oonseontive surfaces of equal pressure, containing between 
them a stratum of fluid, and let a small circle be described about a point P in 
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If the fluid be elastic and the temperature variable 

p " KT' 

Hence by a similar process of reasoning T is a function of p, 
and surfaces of equal pressure are also surfaces of equal 
temperature. 

If however Xdx + Tdi/ + Zdz be not a perfect differential, 
these surfaces will not in general coincide. 

1st. Let the fluid be heterogeneous and incompressible ; 
then the surfaces of equal pressure and of equal density are 
given respectively by the equations 

dp = 0, dp = 0y 

or Xdx + Ydy + Zdz = 0) 

These then are the differential equations of surfaces which 
by their intersections determine curves of equal pressure and 
density. 

From (B) we obtain 

dx _ dy dz .p. 

^dp _Y^ X^-Z^ Y^ -Z^ 

dy dz dz dx dx dy 

one surface, and a portion of the fluid out out by normals through the 
circumference. The portion of fluid is kept at rest by the impressed force, 
and by the pressures on its ends and on its circumference. Being very nearly 
a small cylinder, and the pressures at aU points of its circumference being 
equal, the difference of the pressures on its two faces must be due to the 
force, which must therefore act in the same direction as these pressures, i.e. 
in direction of the normal at P. 

If the forces are derivable from a potential, the resulting force is perpen- 
dicular to the equipotential surfaces, and the surfaces of equal pressure are 
therefore identical with the equipotential surfaces. 

Again, considering the equilibrium of the elemental cylinder, the force 
acting upon it, per unit of mass, is equal to the difference of potentiiJs 
divided by the distance between the surfaces of equal pressure, and as the 
mass of the element is directly proportional to this distance, it foUows that 
the density must be constant, that is, the sorf^B oi eqjQi^ '^t^sak^x^ ^s& 
also surfaces of eguaJ density. 
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But from the conditions of equilibrium we have 

dX ydp _ dY y^dp 
dy dy" '^ dos ^' 

'^ dz dz ^ dy dy' 

^ dx dx ^ dz dz* 

and therefore the equations (C) become 

dx dy dz ^. 

^737=^^ = 373^ ^^^ 

dy dz dz dx dx dy 

the differential equations of the curves of equal pressure and 
density. 

2nd. Let the fluid be elastic and of variable temperature ; 

,, dp Xdx + Ydy + Zdz 
then ^ -^ . 

and the curves of equal pressure and temperature are given 
by the simultaneous equations 

(ip = 0, dr=0; 
or Xdx + Ydy •\' Zdz =^ ff 

dT . ^dT , dT. ^ 
-r-cto4- J- dy + J- dz ^ 
dx dy ^ dz ^ 

But, since — is a perfect differential, the conditions of 
equilibrium are m this case 

dy'T'^dz'T'^'' 



^^ dy dz \dy dz J 



dz dx \dz dx J 
dx dy \dz dy J 
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But, from the preceding equations, 
dx dv 

dy dz dz ' dx 



dz 



37' 



dx dy 



dx 



dy 



dy 



dy dz dz dx dx 

equations of the same form as (D), are in this case the 
differential equations of the curves of equal pressure and 
temperature, and therefore also of equal density. 

23. We shall now prove that the conditions of equilibrium 
of a finite mass of fluid are satisfied by the equations of 
Art. 15. 

Consider the fluid within a closed surface Sf, and take 
{, m, n as the direction-cosines of the normal at any point 
drawn outwards. Resolving parallel to a?, and taking moments, 
the equations of equilibrium are 

ffpld8=fffpXdxdydz, 

ffpdS {ny - mz) =JfJp [Zy - Tz] dxdydz. 

Now, integrating along a thin prism parallel to a?, which 
necessarily crosses the surface S an even number of times, 
and cuts out elements dS^, dS^y dS^^ dSj, &c., 

between the limits PJ^^y PJ^^y &c.. 
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= j/— PjdSj COS (tt — 0^) -h p^dS^ COS O^^PtA^s ^^ (*"" "" ^s) + *^» 

taking ^,, d.,0^,... as the inclinations to the axis of oc of the 
outw^diWwn'normals, 

= J7(PjZjdiSj ■^pJ'^dS^ + ...) = JJpld8 over the whole surface. 
Transforming JJpnydS and JJpmzdS in the same manner 

and taking account of the equations J^ = pX,-^=pY, -j-^ pZ, 

we see that the conditions of equilibrium are satisfied. 

Conversely we may employ this method in order to obtain 
the equations alluded to. 

24, We can also prove that p {Xdx + Ydy H- Zdz) must 
be a perfect diflferential, by considering the equilibrium of a 
spherical element of fluid. 

For the pressures of the fluid on the surfece of the element 
are all in direction of its centre, and therefore the moment 
of the acting forces about the centre must vanisL 

Let a?, y, z be co-ordinates of the centre, and ^ H- a, y + yS, 
2? H- 7 of any point inside the small sphere. 

Then, p being the density at the centre, the expression 
Xdm (Zj3 — Yy) becomes 



/^ ,dY d7- dr \] 



Now JJJadadj3dfy = 0, the centre of the sphere being the 
centre of gravity of the volume, Jff/3ydad^dy = 0, &c., and, 
if o) = dad^dy, 

IIJ<^<^ =////3'*o = //Vo, = J ///(a» + ^ +7') « 



J o 



The expression for the moment then becomes, neglectinsf 
higher powers of a, /3, 7, 
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and, in order that this may be evanescent, we must have 

|(,^)4(,D, 

25. Fluid at rest under the action of gravity. 

Taking the axis of z vertical, and measuring z downwards, 

X = 0, F=0, ^ = 5r, 

and the equation (a) becomes 

dp = gpdz, 

an equation which may also be obtained directly by consider- 
ing the equilibrium of a small vertical cylinder. 

In the case of homogeneous liquid, 

p^gpz^-G, 

and the surfaces of equal pressure are horizontal planes. 

Hence the free surface is a horizontal plane, and, taking 
the origin in the free surface, and 11 as the external pressure, 

p^gpz-^ n. 

If there be no pressure on the free surface, 

p^gpz, 

or the pressure at any point is proportional to the depth below 
the surface. 

In the case of heterogeneous liquid, the equation 

dp = gpdz, 

shews that p must be a function of z. The density and 
pressure are therefore constant for all points in the same 
horizontal plane. 

As an example, let /> oc 2;** = fiz'\ 
then P-gM' ?4-n. 
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26. If two liquidSy which do not mix, meet in a bent tube; 
the heights of the free surfaces above the common surf ace are 
inversely as the densities. 

For the pressures at the common surface are the same, 
and if z, z' be the heights of the upper surfaces above the 
common surface, and p, p' the densities, these pressures are 
respectively 

and .'. -/= — . 

^ 9 

27. It is a well-known law that if a system be in equili- 
brium under the action of gravity and the pressure of smooth 
surfaces, the equilibrium is stable, if the centre of gravity be 
in its lowest possible position. 

Hence it follows that, in the case of heterogeneous liquid, 
the density must increase with the depth, for otherwise the 
equilibrium would be unstable. 

Thus, if heterogeneous liquid be poured from one vessel to 
another, it will settle with the heaviest strata lowest, the law 
of density of course being changed. 

A quantity of liquid^ the density of which is a given 
function of the depths is contained in a vessel of given shape; 
if the liquid be transferred to another vessel, it is required to 
find the new law of density^ each vessel being in the form of a 
surface of revolution with its aads vertical 

Measuring oc upwards from the lowest point of the liquid^ 
let y =f{x) be the generating curve of the first vessel, and 
y = ^ (a?) of the second. 

Then, if the stratum at the height x in the first vessel 
correspond to the stratum at the height x in the second, we 
obtain, since the volumes are equal, 



r{/(Drdi=r{*(i)rd?, 

^ •'0 



and performing the integrations, we find x in terms of x'y and 
therefore p, which is a given function of a?, becomes a new 
function of x\ 
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Moreover, if h and h' be the depths of the liquid in the 
two vessels, h is given in terms of h', and therefore the 
density, p, can be found in terms of h' — x, the depth. 

If the new law of density be given, and it be required to 
find the shape of the new vessel, we may proceed as follows : 

The density being a given function of A — a?, and also of 
h' — of, we can, by equating the two expressions, find x in 
terms of x\ 

Also, equating the volumes of corresponding strata, we 
obtain i^dx = y'^da/, which at once, by substituting for x its 
value in terms of x', gives the equation required. The value 
of h' will be then obtained by equating to each other the 
whole volumes. 

Example (1). The density of a liquid in a cylindrical 
vessel varies as the depth ; find the new law of density if the 
liquid he poured into a conical vessel having its vertex down-- 
wards. 

In this case p= fi(h-~x), 

and ira^x = ^ttx^ tan* a ; 

also ira^h = ^h^ tan" a ; 

if z be the depth. 

Example (2). A quantity of liquid the density of which 
7)aries as the depth, fills an inverted paraboloid to a given 
height; it is required to find the shape of a vessel, in the form 
of a surface oj revolution, swch that if this liquid he poured 
into it its density will vary as the square of its depth. 

In this case p=^ fi{h-'x) — fi {K — x'Y, 

.', x = h — (A' — xy, if /i = fic. 

The equation 4iaxdx = y^daf gives 

cy^ = 8a (A' - x) {he - (h' - xj}. 
To complete the solution, we must equate the total 
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volumes, and we thereby obtain K^^ch as the necessary 
relation between K and c. 

28. Elastic fluid at rest under the action of gravity. 
In this case, p = kp, 

and --==jdz: 

p k 



.-. log^ = ^^andp = 06*. 



G k 

The surfaces of equal pressure are in this case also hori- 
zontal planes, and the constant G must be determined by a 
knowledge of the pressure for a given value of z, or by some 
other fact in connection with the particular case. 

Example. A closed cylinder , the axis of which is vertical, 
contains a given mass of air. 

Measuring z from the top of the cylinder, 



'k" k 



€* 



.'. if JIf be the given mass, a the radius, and h the height of 
the cylinder, 

-¥= I pva^dz = irc^ - (e* - 1), 

whence G is determined. 

29. Illustrations of the use of the general equation. 

(1) Let a given volume V of liquid be acted upon by 
forces 

fix fiy ixz 

'a'' "¥' ""?' 

respectively parallel to the axes ; 

then dp=p ("^2 dx -^^ dy - f^ dzj, 

and ^ = 0-f g + l^ + J). 



I 



PRESSURE OF FLUIDS. 27 

The surfaces of equal pressure are therefore similar ellip- 
soids, and the equation to the free surface is 

assuming that there is no external pressure. 

The condition which determines the constant is that the 
volume of the fluid is given, and we have 

2 * x^trahc) 

(2) A given volume of liquid is at rest on a fixed plane, 
"under the action of a force, to a fixed point in the plane, 
^varying as the distance. 

Taking the fixed point as origin, the expression for the 
pressure at any point is 

where r is the distance from the origin ; and if f Tra* be the 
given volume, the free surface is a hemisphere of radius a, 
and 

The portion of the plane in contact with fluid is a circle 
of radius a, and therefore the pressure upon it 



=r/, 



a 

prdrdd 



= ^TTfipa*, 

This result may be written in the form /irfa . f-Trpa^ which 
is the expression for the attraction on the whole mass of fluid, 
supposed to be condensed into a material particle at its centre 
of gravity, and might in fact have been at once obtained by 
considering that the fluid is kept at rest by the attraction to 
the centre of force and the reaction of the plane. 

(3) A given volume of heavy liquid is at rest under the 
action of a force to afi^ed point varying as the dxstatice /to-w* 
that point 
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Take the fixed point as origin, and measure z vertically 
downwards ; 

then X = — /jLoc, T^ — fiy, and Z=-g — fjLZ', 

.*. dp = p { — fixdx — fiydy H- (5^ — fiz) dz], 

and e = C-M^i|^+^.. 

The surfaces of equal pressure are spheres, and the 
surface, supposing the external pressure zero, is given by tt 
equation 

« +V +-2: -— z- — . 

The volume of this sphere is 

equating this to the given volume, the constant C is deter 
mined, and the pressure at any point is then given in 
of r and z. 

Rotating Fluid. 

30. If a quantity of fluid revolve uniformly and without^* 
any relative displacement of its- particles (i.e. as if rigid)^^ 
about a fixed axis, the preceding equations will enable us 
determine the pressure at any point, and the nature of the 
surfaces of equal pressure. 

For, in such cases of relative equilibrium, every particle ^ 
of the fluid moves uniformly in a circle, and the resultant of 
the external forces acting on any particle m of the fluid, and 
of the fluid pressure upon it, must be equal to a force ma*r 
towai'ds the axis, © being the angular velocity, and r the 
distance of m from the axis; it follows therefore that the 
external forces, combined with the fluid pressures and forces 
mft)V acting /rom the axis, form a system in statical equi- 
librium, to which the equations of the previous articles are 
applicable. 

A mass of ho7)iogeiieous liquid, contained in a vessel, 
revolves uniformly about a vertical axis; required to deter- 
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iTMne the pressure at any point, and the surfa^ces of equal 
pT^essure. . 

Take the vertical axis /as the axis of z ; then, resolving 
the force mcoV parallel to the axes, its components are mto^x 
a.xi.d mG)*y, and the general equation of fluid equilibrium 
becomes 

dp = p {(o^xdx -h (o^ydy — gdz), 

a-nd therefore 

The surfaces of equal pressure are therefore paraboloids of 
revolution, and if the vessel be open at the top, the free sur- 
face is given by the equation 

« • « 9\ rt 2C' 211 

r r 

where 11 is the external pressure. 

The constant must be determined by help of the data of 
each particular case. 

For instance, let the vessel be closed at the top and be 
just filled with liquid, and let 11 = ; then, taking the origin 
at the highest point of the axis, p = when a?, y and z vanish, 
and therefore G — 0, and 

p^p{W{x'' + f)-gz], 

Next consider the case of elastic fluid enclosed in a vessel 
'Which rotates about a vertical axis ; 

^s before dp = p {©* (xdx + ydy) — gdz], 

and p = kp; 

■ /. A;log/} = ft)' — ^ -gz + C, 

so that the surfaces of equal pressure and density are para- 
l>oloids. 

Let the containing vessel be a cylinder rotating about its 
axis, and suppose the whole mass of fluid given*, tt^axi, \» 
determine the constant, consider the ftuid atTan^e^ m ^^- 
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mentary horizontal rings each of unifonn density: let r b^ 
the radius of one of these rings at a height z^ hr its horizontaL 
and hz its vertical thickness, h the height, and a the radiust^ 
of the cylinder : 

the mass of the ring = ^irfyrh'hzy 

and the whole mass (if) of the fluid = / / ^irprdrdz, 

J J 

the origin being taken at the base of the cylinder. 
Now p = €* . e ^ ; 

9 p C «^ gh 

and .•.if = ^p*(€a* -l)(l-e"*), 

an equation by which C is determined. 

31. In general the equation of equilibrium for a fluid 
revolving uniformly and acted upon by forces of any kind, is 

dp = p {Xdx + Ydy + Zdz + ©* (xdx + ydy)}. 

In order that the equilibrium may be possible, three 
equations of condition must be satisfied, expressing that dp 
is a perfect differential, and, if these conditions are satisfieo, 
the surfaces of equal pressure, and, in certain cases, the free 
surface can be determined ; but it must be observed that a 
free surface is not always possible. In fact, in order that 
there may be a free surface, the surfaces of equal pressure 
must be symmetrical with respect to the axis of rotation. 

Whole Pressure, 

32. Def. The whole pressure of a fluid on any surface 
with which it is in contact is the sum of the normal pressures 
on each of its elements. 

If then p be the pressure at a point of an element 88 of 
the surface, 

pBS is the pressure on the element, 

and JJpdS is the whole pressure, the summation extending 
over the whole of the surface considered. 
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If the fluid be homogeneous liquid, and gravity the only 
force in action, p=gpZy measuring z vertically downwards 
from the surface of the liquid, 

and ffpdS = JJgpzffgpzdS. 

Let z be the depth of the centre of gravity of the surface S, 

then z,S=fJzdS; 

and .'. the whole 'pressure = gpzS, 

i.e. the whole pressure is equal to the weight of a cylindrical 
column of fluid, the height of which is z, and the base a plane 
area equal to the area of the surface. 

We now add some examples of the determination of whole 
pressure. 

(1) A hemispherical bowl filled with water. 
Let r be its radius, p the density of water. 
Then the surface = 27rr*, 

and ^=-; 

.*. whole pressure = grpTTT^, 
i.e. whole pressure : the weight of the fluid :: 3 : 2. 

(2) The density of a heavy liquid varies as the square 
of the depth ; it is required to find the whole pressure on a 
semicircular area immersed vertically with its bounding dia- 
meter in the surface. 

Let OP = r,AOP = 0; 

then (Art. 25) if the density 
=/i(depth)^ the pressure at P 

= ^ (r sin 0)\ 

and the whole pressure 

a ri 




= 2 r j ^Ir'sm^OdOdr, 

J J o 
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(3) A cylindrical vessel is closed at the top, and very 
nearly filled vnik incompressible fluid, which rotates uniformly 
about the aods of the cylinder ; to find the whole pressure on 
the curved surface and on the top of the cylinder. 

In this case, taking the centre of the top as origin, and 
measuring z downwards, 

p coV 

Let a be the radius of the cylinder, h its height ; then at 
a depth z, the pressure at its surface 



.s^s 



an element of surface = 27ra . Sz ; 

.*. the whole pressure on the curved surface 

= / 2irap (Jo) V + gz) dz, 

Jo 

= Trpa'Ao)' + 7rpagh\ 
The pressure on the top at a distance r from the origin 

an element of its area = 2'irrSr ; 
therefore the whole pressure on the top 

= I irpay^r^ dr = iirpto^a*. 

J 

(4) A hollow spherical shell is just filled with homo- 
geneous liquid, and the liquid is at rest under the action of 
a force, to a point on the inner surface of the shell, propor- 
tional to the distance from that point ; it is required to find 
the whole pressure on the shell. 

Let be the centre of force, and r the distance of any 
point from 0. 

Then dp = - ^iprdr, 

r^ 
and P = ^~'/^P^' 
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The pressure vanishes at the other extremity of the dia- 
meter OA, and therefore 

a being the radius AG. 

If P be a point in the sphere and ACP = 0, 

then OP = 2a cos ^ , 



and the pressure at P = 2fipcf sin' ^ . 

If PCQ = hO, in the plane of 0, the surface generated by 
the revolution of the arc PQ about OA 

= ^TraZ0 . a sin 0, 

and .'. the whole pressure on the surface 

/•» 

= I 4i'7r/jLpd^ sin' ^ sin ^d^ 

= 27r/t/5a* I (1 — cos 0) sin dd^ 
= 4iTr/jLpa\ 

EXAMPLES. 

1. A closed tube in the form of an ellipse with its major 
axis vertical is filled with three different liquids of densities 
P\> P%> Ps respectively. If the distances of the surfaces of 
separation from either focus be r^, r,, r^ respectively, prove 
that 

2. A heavy uniform fluid just fills a sphere : shew that a 
plane drawn through a horizontal tangent at an extremity of a 
horizontal diameter will divide the surface of the sphere into 
parts the whole pressures on which are eaual, if it is inclined 
at an angle tan"\B to the vertical where i^ — ^o? — ^=^^. 
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3. The particles of a given mass of homogeneous liquid 
at rest attract each other according to the law of nature; 
find the pressure at any point. 

4. The density of a liquid varies as the square of the 
depth below the surface ; find the whole pressures, 1st, on a 
rectangular area just immersed vertically with one side in 
the surface, 2nd, on a circular area just immersed. 

5. A parabolic area, bounded by the latus rectum, is 
just immersed vertically, with its vertex in the surface of a 
liquid; find the whole pressure upon it, 1st, when the liquid 
is homogeneous, 2nd, when its density varies as the depth. 

6. Find the surfaces of equal pressure when the forces 
tend to fixed centres and vary as the distances from those 
centres. 

7. A regular tetrahedron is filled with fluid, and held so 
that two of its opposite edges are horizontal ; compare the 
pressures on its several sides with the weight of the fluid. 

8. Prove that if the forces per unit of mass at x, y, z 
parallel to the axes are 

yia-z), x{a-z), xy, 

the surfaces of equal pressure are hyperbolic paraboloids 
and the curves of equal pressure and density are rectangular" 
hjrperbolas. 

9. In a solid sphere two spherical cavities, whose radiL 
are equal to half the radius of the solid sphere, are filled with 
liquid ; the solid and liquid particles attract each other with 
forces which vary as the distance: prove that the surfaces 
of equal pressure are spheres concentric with the solid sphere. 

10. Shew that the forces represented by 

X = fi{y^-Vyz-¥2?), Y = fi{z'-\-zx + x''\ Z = ^{x^ ^-xy^-y") 

will keep a mass of liquid at rest, if the density oc , 

from the plane a; + y + 2 = ; and the curves of equal 
pressure and density will be circles. 

11. A given quantity of elastic fluid is contained in a 
hollow sphere, and its particles are acted upon by a force to 
the centre of the sphere varying inversely as the distance. 
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The sphere being supposed to vary in size, shew that the 
whole pressure on its surface varies inversely as its radius, 
provided /t < S/c, where fi is the absolute force, and k the 
ratio of the pressure to the density of the fluid. 

12. A closed cylindrical vessel is very nearly filled with 
incompressible fluid, which is acted upon by a force, varying 
as the distance, to the middle point of the axis of the cylinder; 
if 2a be the length of the axis and c the radius of either end, 
shew that the whole pressure on the curved surface : the 
whole pressure on the ends :: 8a' : 3c'. 

Also find this ratio when the centre of force is at the 
centre of either end of the cylinder. 

13. If a conical cup be filled with liquid, the mean 
pressure at a point in the volume of the liquid is to the mean 
pressure at a point in the surface of the cup as 3 : 4. 

14. A vessel is in the form of a right cone without 
weight, the vertical angle being 2a ; the vessel is filled with 
liquid and then suspended by a point in the rim : if y8 be the 
inclination of the axis of the cone to the vertical, shew that 

3 

cot 28 = cot 2a — 7 cosec 2a. 

4 

15. A mass of fluid rests upon a plane subject to a 

central attractive force ( -^j, situated at a distance c from the 

plane on the side opposite to that on which the fluid is ; and 
a is the radius of the firee spherical surface of the fluid: shew 
that the whole pressure on the plane 

a 

16. Find the surfaces of equal pressure for fluid acted 
upon by two forces which vary as the inverse square of the 
distance from two fixed points. 

Prove that if the surface of no pressure be a sphere, the 
loci of points at which the pressure varies invets^^bj ^jv& \3cl^ 
distance from one of the centres of force axe ?Jl§»o ^^^x'^'s.. 
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17. If the components parallel to the axes of the forces 
acting on an element of fluid at (a?, y, z) be proportional to 

y" + 2\yz + -s*, -s* + 'ifjusx + a?', a? + 2van/ + y\ 

shew that if equilibrium be possible we must have 

2\=2/i* = 2i/= 1. 

18. A closed cylinder, with its axis vertical, is just filled 
with liquid which rotates uniformly about a generating line ; 
find the whole pressures on the base, the upper end, and the 
curved surface. 

19. A sphere of 5 feet diameter revolves about a vertical 

axis 3 feet distant from its centre with angular velocity 2»Jg; 
if it be just filled ynth homogeneous fluid, prove that the 
resultant pressure and the whole pressure on the sphere are 
respectively | and ^ times the weight of the fluid. 

20. If the force at any point is given by a potential ^, 
and if a tube of small but variable circular section be 
imagined in the liquid, the whole pressure upon which is F, 
prove that 

where r is the radius of the section, and 8 is measured along 
the axis of the tube. 

21. The density of a liquid, contained in a cylindrical 
vessel, varies as the depth ; it is transferred to another vessel^ 
in which the density varies as the square of the depth ; find 
the shape of the new vessel. 

22. A circular cone, of vertical angle ^, is just filled 

o 

with water, and has a generating line rigidly attached to a 
horizontal plane. The plane is caused to revolve with uni- 
form angular velocity about a vertical axis through the apex 
of the cone : find the greatest velocity which will allow of the 
pressure being zero at the highest point ; and in this case 
find the whole pressure on the base. 

23. A straight rod, every particle of which attracts with 
B force varying inversely as the square of the distance, is 
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surrounded by a mass of homogeneous incompressible fluid ; 
find the form of the surfaces of equal pressure. 

24. A quantity of heavy liquid is attracted to a fixed 
centre, by a constant force the intensity of which is equal to 
the force of gravity, and is supported by a horizontal plane. 
Find the form of the surfaces of equal pressure ; and also the 
pressure on the plane, proving that when the plane passes 
through the centre of force it is equal to four-thirds of the 
weight of the liquid. Find also expressions for the pressure 
on the plane when it is either above or below the centre of 
force. 

25. The interior of a homogeneous shell, bounded by 
two non-concentric spherical surfaces, and attracting according 
to the law of nature, is partially filled with homogeneous 
liquid which revolves uniformly with it round the line passing 
through the centres of the spheres; prove that the free surface 
is a paraboloid of revolution. 

26. A rigid spherical shell is filled with homogeneous 
inelastic fluid, every particle of which attracts every other 
with a force varying inversely as the square of the distance ; 
shew that the difference between the pressures at the surface 
and at any point within the fluid varies as the area of the 
least section of the sphere through the point. 

27. At the vertex of a solid cone (vertical angle 2a) there 
is a centre of force the attraction to which varies as the 
distance; and a given quantity of liquid is in equilibrium 
under the action of this force alone. Determine the form of 

4 a 

its free surface. If the volume of the liquid be ^ irof cos* 5, 

prove that the whole pressure on the surface of the cone 
= J/^pTra^sin a, where p is the density of the liquid and /it the 
absolute force. 

28. An open vessel containing liquid is made to revolve 
about a vertical axis with uniform angular velocity. Find 
the form of the vessel and its dimensions in order that it may 
be just emptied. 

29. A quantity of liquid (gravity being s\i^^o«ftd\tfi^\fi 
act) just fills a boJJow sphere, and is reipeW-^A. itoxa. ^^^^xs^* va 
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the surface of the sphere by a force = /it x distance : if the 
liquid revolve round the diameter passing through the centre 
of force with uniform angular velocity <», find the whole 
pressure on the surface of the sphere. If, by diminishing 
the angular velocity one half, the pressure is also diminished 
one half, shew that to' = 6fM. 

30. A rectangular plate of thin metal of given size is 
bent and held so that two opposite edges are parallel and in 
the same horizontal plane, and the vertical ends are then 
closed by flat plates ; if this vessel be filled with water, find 
its form when the whole pressure upon its curved surfistce is 
a maximum. 

31. An infinite mass of homogeneous fluid surrounds a 
closed surface and is attracted to a point (0) within the surface 
with a force which varies inversely as the cube of the distance. 
If the pressure on any element of the surface about a point P 
be resolved along PO, prove that the whole radial pressure, 
thus estimated, is constant, whatever be the shape and size 
of the surface, it being given that the pressure of the fluid 
vanishes at an infinite distance from the point 0. 

32. A right cone, whose weight may be neglected, is 
suspended from a point in its rim ; it contains as much fluid 
as it can : prove that the whole pressure upon its surface is 

1 ,8 sin a cos 6 (cos (0 + a)|f 
3 '^P^'' cos' a tcos (^-a)| ' 

where A, 2a, are the height and vertical angle of the cone, 
and 6 is determined from 3 sin 2d = 4 sin 2(6 — a). 

33. A vessel formed by the revolution of a cardioid 
r = a (1 — cos 6) about its axis which is vertical (vertex up- 
wards) is just filled with water and rotates about that axis 
with uniform angular velocity. Find this velocity, when 

the line of no pressure is given by ^ = ^ • Find also the 

pressure ajb any other point, and the points of maximum 
pressure, r 

34. A closed vessel fiiU of liquid is made to revolve with 
uniform angular velocity © about a vertical axis through its 
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highest point ; shew that the total pressure of the liquid on 
the surface is increased by \Al^p(o^ ; A being the area of the 
surface, and k the radius of gyration of the surface about the 
vertical axis. 

35. All space being supposed filled with an elastic fluid 
the particles of which are attracted to a given point by a 
force varying as the distance, and the whole mass of the fluid 
being given, find the pressure on a circular disc placed with 
its centre at the centre of force. 

36. A closed vessel in the form of the surface formed by 
the revolution of the curve, r = a (1 — cos 6), is just filled with 
water, and held with the cusp upwards, and the axis vertical; 
calculate the whole pressure and the resultant vertical pres- 
sure on its surface, and prove that these quantities are in the 
ratio 263 : 210. 

37. Circles are drawn having their centres on the axis 
of z and touching at the origin the plane ayy, and the position 
of a point P is defined by r, ^, ^, where r is the radius of the 
circle through P, centre (7, 6 is the angle OGP, and 6 the 
inclination of the plane OOP to a fixed plane througn the 
axis of z ; prove that 

^ = i2 (1 -cos 6) dr + Tsm 6 dr + TrdO + Nr sin d6, 
P 

where mR, mT, mJSf are the forces, on an element m of liquid 
at P, along GP, along the tangent to the circle at P, and 
perpendicular to the plane of the circle. 

38. A mass m of elastic fluid is rotating about an axis 
with uniform angular velocity ©, and is acted on by an 
attraction towards a point in that axis equal to /t times the 
distance, /t being greater than ©'; prove that the equation 
of a surface of equal density p is 

39. A quantity of liquid, the density ot \j\i\cJcL n^jcv^^ ^>& 
the depth, SUs an inverted paraboloid, o5 \abtvx"a x^cWxcl c. A^ ^ 



87.81 
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height h ; prove that, if it be poured into a vessel of the form 
generated by the revolution round the axis of x of the curve, 

aV = 2cAV (a — x) (2a — x), 

where a is any constant, its density will vary as the square 
of its depth. 

40. A mass of self-attracting liquid, of density p, is in 
equilibrium, the law of attraction being that of the inverse 
square : prove that the mean pressure throughout any sphere 

2 

of the liquid, of radius r, is less by = tt/jV than the pressure 

at its centre. 

41. A quantity of liquid, the density of which varies as 
the depth, is transferred from a cylinder to a hemispherical 
bowl, which it just fills ; find the new law of density, and 
prove that the whole pressures on the curved surface of the 
cylinder and on the surface of the bowl are in the ratio of 
80 : 243. 

42. A closed hollow right circular cone, standing on its 
flat base on a horizontal plane, is just filled with a liquid, the 
density of which varies as the depth. The vessel is then 
inverted and held with its axis vertical and its vertex on the 
horizontal plane. 

Prove that the resultant pressure on the curved surface is 
unchanged in magnitude, and that the potential energy of 
the liquid is changed in the ratio 

2{r(i)}«:3r(|). 

it being assumed that the potential energy is zero when the 
liquid IS let out on the plane. 



CHAPTER III. 

THE RESULTANT PRESSURE OF FLUIDS ON SURFACES. 

33. In the preceding Chapter we have shewn how to 
investigate the pressure at any point of a fluid at rest under 
the action of given forces ; we now proceed to determine the 
resultants of the pressures exerted by fluids upon surfaces 
with which they are in contact. 

We shall consider, first, the action of fluids on plane 
surfaces, secondly, of fluids under the action of gravity upon 
curved surfaces, and thirdly, of fluids at rest under any given 
forces upon curved surfaces. 

Fluid Pressures on Plane Surfaces. 

The pressures at all points of a plane being perpendicular 
to it, and in the same direction, the resultant pressure is 
equal to the sum of these pressures, that is, to the whole 
pressure, and acts in the same direction. 

Hence, if the fluid be incompressible and acted upon by 
gravity only, the resultant pressure on a plane 

= the whole pressure 

where A is the area and z the depth of the centre of gravity. 

In general, if the fluid be of any kind, and at rest under 
the action of any given forces, take the axes of x and ^ ivL 
plane, and let p be the pressure at tVie 'pomt (^x^ >j^. 
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The pressure on an element of area BxSy=pBxBy ; 

/• the resultant pressure ^'JJpdydx, 

the integration extending over the whole of the area con- 
sidered. 

If polar co-ordinates be used, the resultant pressure is 
given by the expression 

ffprdrdO, 

34. Def. The centre of pressure is the point at which 
the direction of the single force, which is equivalent to the 
fluid pressures on the plane surface, meets the surface. 

The centre of pressure is here defined vdth respect to 
plane surfaces only; it will be seen afterwards that the re- 
sultant action of fluid on a curved surface is not always 
reducible to a single force. 

In the case of a heavy fluid, it is clear that the centre of 
pressure of a horizontal area, the pressure on every point of 
which is the same, is its centre of gravity ; and, since pres- 
sure increases with the depth, the centre of pressure of any 
plane area, not horizontal, is below its centre of gravity. 

To obtain formulce for the determination of the centre of 
pressure of any plane area. 




Let p be the pressure at the point (x, y), referred to rect- 
angular axes in the plane, x + ix, y+ 8y, the co-ordinates 
of Q, _ _ 

^/ y, co-ordinates of the centre of pressure. 
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Then y . ffpdydx = moment of the resultant pressure 

about OX, 

= the sum of the moments of the pres- 
sures on all the elements of area about 
OX, 

= 2 pSy Bos . y 

^flpydydx] 
. -^ Hpydydx 

''^ Jfpdydx* 
.ndsunUarly <^-%4^' 

he integrals being taken so as to include the area considered. 

If polar co-ordinates be employed, a similar process will 
jive the equations 

- _ /iiP^ cos drdO _ _ JJpr^ sin drdO 
"^^'JJprdrdd ' ^"' JJprdrde ' 

35. If the fluid be homogeneous and inelastic, and if 
gravity be the only force in action, 

P = gpK 

<?here h is the depth of the point P below the surface ; and 
ve obtain 

fjhxdyda) J Jhydydx , . 

'^~ fjhdydx ' y^fPidydx ^ ^• 

It is sometimes useful to take for one of the axes the line 
)f intersection of the plane with the surface of the fluid : if 
ve take this line for the axis of x, and as the inclination of 
he plane to the horizon, p = gpy sin 0, and therefore 

ffxy d y dx fjfdydx 
Ilydydx' y-fjydydx ^^^' 

From these last equations (/8) it appears that the position 
f the centre of pressure is independent of the inclination of 
he plane to the horizon, so that if a plane area be vcmsi'^x^^^ 
Q fluid, and then turned about its line o? mlet^eeXKorcL ^SJ^ 
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the surface as a fixed axis, the centre of pressure will remain 
unchanged. 

If in the equations (a) we make h constant, that is, if we 
suppose the plane horizontal, x and y are the co-ordinates of 
the centre of gravity of the area, a result in accordance with 
Art. (34) ; but, in the equations ()S), the values of x and y are 
independent of 6, and are therefore unaffected by the evane- 
scence of 6. This apparent anomaly is explained by con- 
sidering that, however small 6 be taken, the portion of fluid 
between the plane area and the surface of the fluid is always 
wedge-like in form, and the pressures at the different points 
of the plane, although they all vanish in the limit, do not 
vanish in ratios of equality, but in the constant ratios which 
they bear to one another for any finite value of 6, 

The equations of this article may also be obtained by the 
following reasoning. 

Through the boundary line of the plane area draw vertical 
lines to the surface enclosing a mass of fluid ; then the reaction 
-of the plane, resolved vertically, is equal to the weight of the 
fluid, which acts in a vertical line through its centre of 
gravity ; and the point in which this line meets the plane is 
the centre of pressure. 

Taking the same axes, the weight of an elementary prism, 
acting through the pomt x, y, is gphhxoy cos 5, where 6 is the 
inclination of the plane to the norizon ; and therefore the 
<;entre of these parallel forces acting at points of the plane, 
is given by the equations 

- _ H9P^ a? cos ^ dy da? ^^ffgphy cos Odydx 
fjgph cos Odydx * ^^ fjgph cos 0dydx * 

-_ffhxdydx __^ffhydydx 
^ ffh dy dx ' ^"Jjhdydx' 

Hence it appears that the depth of the centre of pressure 
is double that of the centre of gravity of the fluid enclosed. 

36. The following theorem determines geometrically the 
position of the centre of pressure for the case of a heavy 
liquid. 
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If a straight line he taken in the plane of the area, parallel 
to Ike surface of the liquid and 05 far below the centre of 
inertia of the area as the surface of the liquid is above, the 
pole of this straight line ivith respect to the momental ellipse 
at the centre of inertia whose semi-axes are equal to the prin- 
cipal radii of gyration at that point will he the centre of 
pressure of the area. 

Taking A for the area, and 6, a for the principal radii of 
gyration^ these are determined by the equations 

^^*=IIy^ ^ ^y» ^a' =/>• dx dy, 
and the equation of the momental ellipse is 

^ + 2^ = 1 

the co-ordinate axes being the principal axes at the centre of 
inertia. 

Let ^, ^ be the co-ordinates of the centre of pressure, and 

a? cos ^ + y sin 6 =p 

the equation to the line in the surface ; 

then ^^ II(P''^(^o^O-y^i^O)^dxdy ^ g'^^^ ^ 

JJ(p — X cos — y sin 0)dxdy p ' 

and similarly, 2/ = sin ^ ; 

•*• (^> y) is the pole of the line 

X cos ^ + y sin ^ = — p 
with respect to the momental ellipse. 

37. Examples of the determination of centres of pressure. 

(1) A qvjodrant of a circle just immersed vertically in a 
heavy homogeneous liquid^ with one edge in the surface. 

If Ox, the edge in the surface, be the axis of x, 

^ JjlL'^'^yJy dx _jjidydx 

'^" hV^""'"^ ydy dx' y-'jjydydx' 
the limits oi the integrations for y being t\i^ ^am.^ «fi» iot x. 
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JJy dxdy = ^f {a* - it") dx = ^\ 
JJxy dxdy=^^Jx. {a^ — a?) dx^^\ 



IIfd^dy = iJ{a''-x')^dx^ 



3 3 



Tra* 
16 ' 



Employing polar co-ordinates and taking the line Ox as 
the initial line, we should have p = gpr sin 6, and 



IT' 



r* cos 6 sin 6 drdO ^ 
j r" sine drd0 



n\' sin*^ dr d^ g 



and y= ^^ =Y^7ra. 

jlr' sin 0drd0 ^^ 

(2) J. circular area, radius a, w immersed with its plane 
vertical, and its centre at a depth c. 

Take the centre as the origin, and the vertical downwards 
from the centre as the initial line ; then if p be the pressure 
at the point r, 0, 

p=gp(c + r cos 0), 
and the depth below the centre of the centre of pressure 

2rf r' cos 0(c + r cos 0) dr d0 , 



2 Ij r(c + r COS 0)drd0 



4c* 



It will be seen that this result is at once given by the 
theorem of Art. 36, 
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(3) A vertical rectangle, exposed to the action of the 
atmosphere at a constant temperature. 

If n be the atmospheric pressure at the base of the 

rectangle, the pressure at a height z is He"*, Art. (28), and 
if b denote the breadth, the pressure upon a horizontal strip 
of the rectangle 

= Ue'^ bSz, 
/. the resultant pressure, if a be the height, 

= 1 He *6(fe = n — (1-e *), 
•'o 9 

and the height of the centre of pressure 



.^ 



I ze ^ dz 

J n 



gz 

k a 



ra gz /* £5 * 

Jo 

(4) A hollow cube is very nearly filled with liquid, and 
rotates uniformly about a diagonal which is vertical ; required 
to find the pressures upon, and the centres of pressure of its 
several faces, 

I. For one of the upper faces ABGD, 

take ADy AB, 2i& axes of x and y\ z,r, the vertical and hori- 
zontal distances of any point P (x, y) from A, 

then - = i© V + gz, 

r 

z = — 7q^ , projecting the broken line ANP on AE, 
r^ = AP'''2^=^x' + y^^z^ = ^(x'' + y'-xy); 
.-. the pressure (P) on ABCD= I I pdy dx 

•' •' 

^P'jP^{oi^ + y^-^^) + -j^{^ + y)'dydx 
^{36 V3 
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The centre of pressure is given by the equations 



11. For one of the lower faces EGDF, 
take EFy EG as axes, then, for a point Q, 

and the rest of the process is the same as in the first case. 

(5) A quadrant of a circle is just immersed vertica 
with one edge in the surface, in a liquid, the density of wh 
varies as the depth. 
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Taking Ox as the edge in the surface, p=fiy andp = hf^9y^'> 
the centre of pressure is therefore given by the equations 

n xy^dydx \Wdydx 
-^J£o^ ,and^=-y • 



jjy'dydx jjy^dydx 



.*' 



f 



f or, in polar co-ordinates, 



[^ f r* sin'^ cos dr dd ffr^ sin»^ dr dd 

x^hlL^ , and yJ-L ; 

[p sin'^ dr dd jjr' sin'^ dr dd 

and it will be found that 

_ 16 a ,_ 32 a 
aj = =-- and 2/ = — - . 
15 TT ^ loir 

(6) A semicircular area completely immersed in water 
with its plane vertical and one end A of its bounding diameter 
in the surface. 

Let a be the inclination of the diameter to the surface, 
and X, y the co-ordinates of the centre of pressure referred to 
the diameter and the tangent at A, 

Then xjfr^ sin (0 + a) drd0 =ffr^ cos sin (0 + a) drd0, 

aud y //r» sin (0 + a) drd0 = jy sin sin {0 + a) drd0, 

T being taken from to 2a cos 0, and from to - . 

38. If a given plane area turn in its own plane about a 
fixed point, the centre of pressure changes its position and 
descriDes a curve on the area. 

Take the fixed point as origin, and tbe YionzoTAi^ \vcife 
in the plane as axis ofx\ 



B, H. 
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Let Ox^ Oy be axes fixed in the area ; then, if A be the 
depth of below the surface, 7 the inclination of the area 
to the vertical, and x'Ox = 6, 

p=gp{h + i/ cos y)=gp{h+x sin ^ cos 7 + y cos ^ cos 7) ; 

_ _ JJpx dxdy _^ a -{-b sin 6 -{-c cos d 
" jjpdxdy d + esin^+/cos^ 

, _ _ a' + c sin ^ + c' cos ^ 

^^"^ ^"d + esin^+/cos^' 

a, 6, d, &c., being known constants, and the elimination of 
gives a conic section as the locus of the centre of pressure. 

We can also obtain this result by aid of the theorem of 
Art. 36. 

Taking the principal axes through the centre of gravity 
as co-ordinate axes, and taking a, ^ as the co-ordinates of 
the point 0, the centre of pressure is the pole of the line, 

a? cos ^ -h y sin ^ = A -I- a cos ^ -I- ^ sin ^, 

with regard to the momental ellipse, and is given by the 
equations, 

a* cos ^ 6' sin ^ , /i /> . /i 

— - — = — = — = ^ -I- a cos ^ + )8 sm ^. 
X y 

. re* V* 1 
If and Q coincide, the locus is -4 -h ri = r. . 

a h 

39. A vessel having a plane base and plane vertical sides, 
contains two liquids which do not mix ; to find the residtant 
pressure on one of the sides, and the centre of pressure. 

Let p be the density and h the depth of the upper liquid, 
p\ h\ corresponding quantities for the lower liquid ; the 
common surface must be a horizontal plane, the pressure at 
any point of which is gph, and the pressure at a depth z 
below the common surface is gph + gpz. 

Taking 6 for the breadth of one of the vertical sides, the 
pressure of the upper liquid upon it = ^gpbh^, and the pres- 
sure of the lower liquid 

= fg{pf^ + 9z) bdz = ghh' {ph + ^pK). 
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The resultant pressure is the sum of these two and is 
equal to 

gb {yh' + phh' + ip'h''). 

The moment of the fluid pressure on this side about its 
line of intersection with the surface 

rh rh' 

= I gphs?dz +1 g{ph+ f!z) b{h + z)dz: 
Jo Jo 

performing the integrations, and dividing by the expression 
for the resultant pressure investigated above, we obtain the 
depth of the centre of pressure. 



Resultant Pressures on Curved Surfaces. 

40. To find the resultant vertical pressure on any surface 
of a homogeneous liquid at rest under the action of gravity. 

PQ being a surface exposed to the action of a heavy 
liquid, let -45 be the projection of PQ on the surface of the 
liquid. 




The mass AQ ia supported by the horizontal pressure of 
the liquid and by the reaction of PQ ; this reaction resolved 
vertically must be equal to the weight of AQ, and conversely, 
the pressure on PQ is equal to the weight of AQ, and acts 
through its centre of gravity. 

If PQ be pressed upwards by the li(\u\d ^a> m \^^fe ^<^^<i> 
produce the surface, project PQ on it as \)eiot^, ^\\.Y5<^'9»^ '^'^ 
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space ^Q to be filled with liquid of the same kind^ and 
remove the liquid from the inside. 




Then the pressures at all points oi PQ are the same as 
before, but in the contrary direction, and since the vertical 
pressure in this hypothetical case is equal to the weight of 
AQ, it follows that in the actual case, the resultant vertical 
pressure upwards is equal to the weight of AQ, 

If the surface be pressed partially upwards and partially 
downwai'ds, draw through P, the highest point of the portion 
of surface considered, a vertical plane PR, and let ACB be 
the projection of PSQ on the surface of the liquid. 




Then the resultant vertical pressure on PSR, 

= the weight of the liquid in PSR, 
and on IiQ = CQ, 
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and the whole vertical pressure = the weight of the liquid in 
CQ + the weight of the liquid in PR, 

This might also have been deduced from the two previous 
articles, for PR can be divided by the line of contact of ver- 
tical tangent planes into two portions PS, SR, on which the 
pressures are respectively upwards and downwards ; and since 

pressure on PS = weight of liquid APS, 

and SR= A8R, 

the difiference of these, i.e. the vertical pressure on PR 
= weight of fluid PR, 

In a similar manner other cases may be discussed. 

It will be observed that this investigation applies also to 
the case of a heterogeneous liquid (in which the density must 
be a function of the depth, since surfaces of equal pressure 
are surfaces of equal density), provided we consider that the 
hypothetical extension of the liquid follows the same law of 
density. 

41. To find the resultant horizontal pressure, in a given 
direction, on a surface PQ. 

Project PQ on a vertical plane perpendicular to the given 
direction, and let pq be the projection. 

Then the mass Pq is kept at rest by the pressure on pq, 
the resultant horizontal pressure on PQ, and forces in vertical 
planes parallel to the plane pq. 
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Hence the horizontal pressure on PQ is equal to that on 
pq, and acts in the same straight line, i.e. through the centre 
ot pressure of pq. 

Hence, in general, to determine the resultant fluid pres- 
sure on any surface, find the vertical pressure, and the 
resultant horizontal pressures in two directions at right 
angles to each other. These three forces may in some 
cases be compounded into a single force, the condition for 
which may be determined by the usual methods of Statics. 

Ex. A hemisphere is filled with homogeneous liquid: 
required to find the resultant action on one of the four 
portions into which it is divided by two vertical planes 
through its centre at right angles to each other. 

Taking the centre as origin, the bounding horizontal 
radii as axes of x and y, and the vertical radius as the axis of 
jz, the pressure parallel to oo is equal to the pressure on the 
quadrant yOz, which is the projection, on a plane perpen- 
dicular to Ox, of the curved surface. 

Therefore, the pressure parallel to Ox 

ira^ 4a 1 , 

and the co-ordinates of its point of action are 

(o, I a, ^Q wa>j , Art. 37, Ex. 1 ; 

similarly, the pressure parallel to Oy = ^gpa^, and acts through 

•> 

the point, 



(I a, 0, l^'.ra). 



The resultant vertical pressure = the weight of the liquid 

1 .3 

= - gpirc^i and acts in the direction of the line ^ = o « = y- 
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The directions of the three forces all pass through the 
point 



/3 3 3 N 



and they are therefore equivalent to a single force 

^ gpa^s/i'rr* + 8) in the line 



3 

8 — "" 8'^ irV 16 



«^-c» = 2/-Q«=zl^-T/^:™)» 



or x = y = — z, 

IT 

a straight line through the centre, as must obviously be the 
case, since all the fluid pressures are normal to the surface. 
The point in which it meets the surface of the hemisphere 
may be called ' the centre of pressure/ 

42. To find the resultant pressure on the surface of a solid 
either wholly or partially immersed in a heavy liquid. 

Suppose the solid removed, and the space it occupied filled 
with liquid of the same kind ; the resultant pressure upon it 
will be the same as upon the original solid. But the liquid 
mass is at rest under the action of its own weight, and the 
pressure of the liquid surrounding it : the resultant pressure 
is therefore equal to the weight of the liquid displaced, and 
acts in a vertical line through its centre ojf gravity. 

The same reasoning evidently shews that the resultant 
pressure of an elastic fluid on any solid is equal to the weight 
of the elastic fluid displaced by the solid. 

This result may also be obtained by means of Arts. 40 and 
41, as follows: Draw parallel horizontal lines touching the 
surface, and forming a cylinder which encloses it ; the curve 
of contact divides the surface into two parts, on which the 
resultant horizontal pressures, parallel to the axis of the 
cylinder, are equal and opposite ; the horizontal pressures o\i. 
the solid therefore balance each otbet and tXi^ x^'ssa^XasjJ^ Ss» 
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which is evidently the expression for the pressure, parallel to 
X, upon the projection of the given surface on the plane yz ; 
and similarly Y is equal to the pressure upon the projection 
on xz. 

Again, if the fluid be incompressible and acted upon by 
gravity only, pZxZy is equal to the weight of the portion of 
fluid contained between ZS and its projection on the surface 
of the fluid ; 

/. Zy or JJpdxdyy is the weight of the superincumbent fluid. 

These results accord with those previously obtained, Arts. 
40 and 41. 

47. If a solid body be wholly or partially immersed in 
any fluid which is at rest under the action of given forces, the 
resultant fluid pressure on the body will be equal to the 
resultant of the forces which would act on the displaced fluid. 

For we can imagine the solid removed and the gap filled 
up with the fluid, which will be in equilibrium under the 
action of the forces and the pressure of the surrounding 
fluid ; and the resultant pressure must be equal and opposite 
to the resultant of the forces. 

In filling up the gap with fluid, the law of density must 
be maintained, that is, the surfaces of equal density must be 
continuous with those of the surrounding fluid. 



EXAMPLES. 

1. A heavy thick rope, the density of which is double 
the density of water, is suspended by one end, outside the 
water, so as to be partly immersed ; find the tension of the 
rope at the middle of the immersed portion. 

2. Water is poured into a hollow sphere, determine the 
iepth of the water when the resultant pressure is half the 
;otal normal pressure. 

3. A conical wine-glass is filled with water and placed 
f g^^jU an inverted position on a table ; if the whole pressure of 
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tbe water on the glass be double its resultant pressure, find 
the vertical angle of the cone. 

4. A vessel in the form of a regular pyramid, whose base 
is a plane polygon of n sides, is placed with its axis vertical 
and vertex downwards and is filled with fluid. Each side of 
the v^el is moveable about a hinge at the vertex, and is 
kept in its place by a string fastened to the middle point of 
its base and to the centre of the polygon : shew that the 
tension of each string is to the whole weight of the fluid as 
1 to n sin 2a, where a is the inclination of each side to the 
horizon. 

6. Find the centre of pressure of a square lamina having 
one angular point in the surface of a liquid ; and supposing it 
to be moved about the angular point in its own plane, which 
is fixed, and to be always totally immersed, find the locus on 
its own plane of its centre of pressure. 

6. Find the centre of pressure of an elliptic lamina just 
immersed in water; and supposing it turned round in the 
same vertical plane, so as to be always just immersed, find 
the locus with respect to its axes of the centre of pressure. 

7. A cubical box, filled with water, has a close-fitting 
heavy lid fixed by smooth hinges to one edge ; compare the 
tangents of tbe angles through which the box must be tilted 
about the several edges of its base, in order that the water 
may just begin to escape. 

8. A system of coaxal circles is immersed in water with 
the line of centres at a given depth ; prove that the centres 
of pressure of those circular areas, which are completely 
immersed, lie on a parabola. 

9. Find the centre of pressure of a semi-ellipse (axes 2a 
and a) which is bounded by a diameter inclined at the angle 

" to its major axis, its plane being vertical, and the diameter 
o 

in the surface. 

10. A semi-ellipse bounded by its axis minor, is just 
immersed in a liguid the density of which varies «& tlie de^t»h\ 
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if the axis minor be in the surface, find the eccentricity in 
order that the focus may be the centre of pressure, 

11. A square lamina ABGD, which is immersed in water, 
has the side AB in the surface ; draw a line BE to a point E 
in CD such that the pressures on the two portions may be 
equal. Prove that, if this be the case, the distance between 
the centres of pressure : the side of the square : : ^^505 : 48. 

12. From a semicircle, whose diameter is in the surface 
of a liquid, a circle is cut out, whose diameter is the vertical 
radius of the semicircle ; find the centre of pressure of the 
remainder. 

13. A semicircular lamina is completely immersed in 
water with its plane vertical, so that the extremity A of its 
bounding diameter is in the surface, and the diameter makes 
with the surface an angle a. 

Prove that if E be the centre of pressure and the angle 
between AE and the diameter, 

. ^ 37r+16tana 

tan 6/ = ^n , •,•- — 7 . 

16 + loTrtana 

14. If the depths of the angular points of a triangle 
below the surface of a liquid be a, b, c, prove that the depth 
of the centre of pressure below the centre of gravity is 

(b^cy + {c^ay+(a^by 

12(a + 6 + c) 

15. A plane area immersed in a fluid moves parallel to 
itself and with its centre of gravity always in the same verti- 
cal straight line. Shew (1) that the locus of the centres of 
pressure is a hyperbola, one asymptote of which is the given 
vertical, and (2) that it a, a + h, a + h\ a+ K\ be the depths 
of the c. G. any positions, j/y y + k, y + k\y + k", those of the 
centre of pressure in the same positions, then 



k h h(k-h) 
k' K h\k'^h') 



= 0. 
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16. Find the centre of pressure of a segment of a parabola 
bounded by the curve and the latus-rectum, the tangent at 
one end of the bounding ordinate being in the surface. If the 
liquid rise, the parabola remaining stationary, shew that the 
centre of pressure describes a straight line. 

17. A cone is totally immersed in water, the depth of 
the centre of its base being given. Prove that, P, P\ P", 
being the resultant pressures on its convex surface, when the 
sines of the inclination of its axis to the horizon are 5, «', «", 
respectively, 

18. Find the centre of pressure of the area between the 

curve Jx -f sly = Jcb> and the axes, taking the axes rectangu- 
lar and one of them in the surface. 

19. A quantity of liquid acted upon by a central force 
varying as the distance is contained between two parallel 
planes ; if A, By be the areas of the planes in contact with 
the fluid, shew that the pressures upon them are in the ratio 
A^ : E". 

20. A hollow sphere is full of liquid, the density of which 
varies as (the depth)**; shew that the whole pressure on the 
surface of the sphere : the resultant pressure : : n + 3 : n + 1. 

21. One asymptote of a hyperbola lies in the surface of 
a fluid ; find the depth of the centre of pressure of the area 
included between the immersed asymptote, the curve, and 
two given horizontal lines in the plane of the hyperbola. 

22. A cone is immersed in water with the centre of its 

5 
base at a distance of -p, of its altitude below the surface, A 



paraboloid of the same base and altitude is also immersed 
with the centre of its base at the same distance below the 
surface as that of the cone, and with its axis inclined at the 
same angle to the vertical. Find what this angle must be in 
order that the resultant pressures on the convex SMtfea^'s. <^^ 
the two solids may be equal. 
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23. A closed cylinder, very nearly filled with li(|^uicB. 
rotates uniformly about a generating line, which is vertical 
find the resultant pressure on its curved surface. 

Determine also the point of action of the pressure on i 
upper end. 

24. Shew that the depth of the centre of pressure of th 
area included between the arc and the asymptote of the curvi 

(r — a) cos ^ = 6 is 2 . q— r — a > ^^^ asymptote being in th 
surface and the plane of the curve vertical. 

25. A cone is filled with liquid, and fitted with a heavy 
lid, moveable about a hinge ; it is then made to revolve 
uniformly about the generating line through the hinge, which 
is vertical ; find the greatest angular velocity consistent with 
no escape of the liquid. 

26. A portion of a spherical shell is cut off by a plane, 
and the remaining portion is placed on a horizontal plane so 
that the circular section is in contact with the plane and is 
then filled with water through a small hole at the highest 
point. Find the largest piece which can be cut off so that, 
however light the shell may be, the water may not escape. 

In this case, prove that the whole pressure on the shell is 
to the weight of the liquid in the ratio 2 : 1. 

27. If a plane area immersed in a liquid revolve about 
any axis in its own plane, prove that the centre of pressure 
describes a straight line in the plane. 

28. A cube whose edge is 2a, and whose faces are hori- 
zontal and vertical, is surrounded by a mass of heavy liquid, 

the volume of which is 8a^ [ttJq — 1} ; the liquid is acted on 

by a force tending to the centre of the cube, and varying as 

the distance, the force at the distance a being ^r: find the 

form of the free surface and the pressure at any point : also if 

one of the vertical faces of the cube be moveable about a 

horizontal line in its own plane, shew that the face will be at 

4 
rest, if this line be at a distance ^ a from the lowest edge of 

that face. 
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29. A solid paraboloid, cut off by a plane through the 
ibcus perpendicular to its axis, is completely immersed, its 
Tertex being at a given depth, and its axis inclined at a given 
single to the vertical. Find the direction and magnitude of 
the resultant pressure on its curved surface. 

30. A solid is formed by turning a parabolic area, bound- 
ed by the latus-rectum, about the latus-rectum, through an 
.angle 6 ; and this solid is held under water, just immersed, 
with its lower plane face horizontal. Prove that, if ^ be the 
inclination to the horizon of the resultant pressure on the 
curved surface of the solid, 

3sin»^tan^ = 6sin^-3sin^cos^-2ft 

31. In the midst of a mass of fluid attracting according 
to the law of nature, and rotating in relative equilibrium 
about an axis, a small particle is introduced, and started with 
the velocity of the fluid whose place it occupies. Will it 
approach or recede from the axis ? 

32. In an infinite mass of fluid of density p, every part 
of which attracts every other part according to the law of 
nature, are placed two shells, whose internal and external 
radii are a, b and a\ V respectively, and densities o-, a. The 
shells also attract each other and the fluid as in nature. Find 
the resultant force on each shell, and shew that in certain 
cases this force is a repulsive one. 

33. A given area is immersed vertically in a heavy liquid 
and a cone is constructed on it as base, the cone being wholly 
immersed: find the locus of the vertex when the resultant 
pressure on the curved surface is constant, and shew that 
this pressure is unaltered by turning the cone round the 
horizontal line drawn through the centre of gravity of the 
base perpendicular to the plane of the base. 

34. A conical vessel, axis vertical and vertex downwards, 
is divided into two parts by a plane through its axis, and the 
parts are prevented from separating by a string which is a 
diameter of the rim of the vessel, and is perpendiciilax t^c^ ^^ 
dividing plane, and bj a hingev at the vetlex. 
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The vessel being filled with water, compare the tension of 
the string with the weight of the water. 

85. A hollow cone open at the top is filled with water ; 
find the resultant pressure on the portion of its surface cut 
oflf, on one side, by two planes through its axis inclined at a 
given angle to each other ; also determine the line of action 
of the resultant pressure, and shew that, if the vertical angle 
be a right angle, it will pass through the centre of the top of 
the cone. 

36. A vessel in the form of an elliptic paraboloid, whose 

8 8 

Oj ll Z 

axis is vertical, and equation "2 + ^ = r > is divided into four 

equal compartments by its principal planes. Into one of 
these water is poured to the depth A, prove that, if the 
resultant pressure on the curved portion be reduced to two 
forces, one vertical and the other horizontal, the line of action 
of the latter will pass through the point (3^, -^^ \K), 

37. A bowl in the form of a hemisphere is filled with 
water; find the direction and magnitude of the resultant 
pressure on the upper portion of the bowl cut off by a plane 
through its centre inclined at a given angle to the horizon. 

38. An open conical shell, the weight of which may be 
neglected, is filled with water, and is then suspended from a 
point in the rim, and allowed gradually to take its position of 

2 

equilibrium ; prove that, if the vertical angle be cos"* ^ , the 

surface of the water will divide the generating line through 
the point of suspension in the ratio 2 : 1. 

39. A regular polygon wholly immersed in a liquid is 
moveable about its centre of gravity ; prove that the locus of 
the centre of pressure is a sphere. 

40. A hemispherical bowl is filled with water, and two 
vertical planes are drawn through its central radius, cutting 
off a semi-lune of the surface ; if 2a be the angle between the 
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planes, prove that the angle which the resultant pressure on 
the surface makes with the vertical 



= tan 



-1 f ^^^ ^ \ 



41. A volume of fluid of density p surrounds a fixed 

o 

sphere of radius b and is attracted to a point at a distance 
c (< b) from its centre by a force fir per unit mass ; supposing 
the external pressure zero, find the resultant pressure on the 
fixed sphere. 

42. A vessel in the form of a surface of revolution has 
the following property ; if it be placed with its axis vertical, 
and any quantity of water be poured into it, the ratio of the 
total normal pressure to the resultant vertical pressure varies 
as the depth of the water poured in. Shew that the equation 
to the generating curve is 

cs = xy. 

43. Find the equation of a curve symmetrical about a 
vertical axis, such that, when it is immersed with its highest 
point at half the depth of its lowest, the centre of pressure 
may bisect the axis. 

44. Find the surfaces of floatation and of buoyancy 
in the case of a right circular cylinder floating with one 
end immersed. 

45. The vertices A, B, of a triangular lamina are 
sunk in a homogeneous liquid to depths A,, A^, h^ respec- 
tively: prove that if p^, p^, p^ be the respective perpen- 
diculars from A, B, C on BG, GA, AB, then the trilinear 
coordinates of the centre of pressure are 

4 V A, + A, + V' 4r^A,-ffe,-fV'4 V^^A^+A^ + A, 

46. A triangular lamina is totally immersed in a homo- 
geneous liquid, the depths of the angular points being 
JP> 9> ^ ; prove that if the centre of pressure of the triangle 
coincide with the mean centre of its angular points for 
multiples I, m, w, then 

p :q:r :: Sl — (m-\-n) : 3m — (n-f ?) : 3n — (il-VmV 
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THE EQUILIBRIUM OF FLOATING BODIES. 

48. To find the conditions of equilibrium of a floating 
body. 

We shall suppose that the fluid is at rest under the action 
of gravity only, and that the body, under the action of the 
same force, is floating freely in the fluid. The only forces 
then which act on the body are its weight, and the pressure 
of the surrounding fluid, and in order that equilibrium may 
exist, the resultant fluid pressure must be equal to the weight 
of the body, and must act in a vertical direction. 

Now we have shewn, that the resultant pressure of a 
heavy fluid on the surface of a solid, either wholly or partially 
immersed, is equal to the weight of the fluid displaced, and 
acts in a vertical line through its centre of gravity. 

Hence it follows that the weight of the body must be 
equal to the weight of the fluid displaced, and that the 
centres of gravity of the body, and of the fluid displaced, must 
lie in the same vertical line. 

These conditions are necessary and sufficient conditions of 
equilibrium, whatever be the nature of the fluid in which the 
body is floating. If it be heterogeneous, the displaced fluid 
must be looked upon as following the same law of density as 
the surrounding fluid ; in other words, it must consist of strata 
of the same kind as, and continuous with, the horizontal strata 
of uniform density, in which the particles of the sun-ounding 
fluid are necessarily arranged. 
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If for instance a solid body float in water, partially im- 
mersed, its weight will be equal to the weight of the water 
displaced, together with the weight of the air displaced ; and 
if the air be removed, or its pressure diminished by a diminu- 
tion of its density or temperature, the solid will sink in the 
water through a space depending upon its own weight, and 
upon the densities of air and water. This may be further 
explained by observing that the pressure of the air on the 
water is greater than at any point above it, and that this sur- 
face pressure of the air is transmitted by the water to the 
immersed portion of the floating body, and consequently the 
upward pressure of the air upon it is greater than the down- 
ward pressure. 

49. We now proceed to illustrate the application of the 
above conditions, by the discussion of some particular cases. 

Ex. 1. A portion of a solid paraboloid, of given height, 
floats with its aads vertical and vertex downwards in a homo- 
geneous liquid, required to find its position of equilibrium. 

Taking 4a as the latus rectum of the generating parabola, 
h its height, and x the depth of its vertex, the volumes of 
the whole solid and of the portion immersed are respectively 
27rah^ and 27raa? ; and if p, a, be the densities of the solid 
and liquid, one condition of equilibrium is 

p . 27raA* = a . 27raa? ; 



, m X — A / lh% 

V ^ 



which determines the portion immersed, the other condition 
being obviously satisfied. 

Ex. 2. It is required to find the positions of equilibrium 
of a square lamina floating with its plane vertical, in a liquid 
of double its own density. 

The conditions of equilibrium are clearly satisfied if the 
lamina float half immersed either with a diagonal vertical, or 
with two sides vertical. 
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To examine whether there is any other position of equi- 
librium, let the lamina be held with the line DOC in the 
surface, in which case the first condition is satisfied. 

But, if the angle GGA = 0, and if 2a be the side of the 
square, the moment about Q of the fluid pressure, which is 
the same as the difference between the moments of the rect- 
angle AKf and of twice the triangle GBD, 




oc 2a* . ^ sin ^ — a'* tan d . 



a sec 9 + a cos 



X sin ^ (1 — tan* 0) ; 



TT 



and this vanishes only when ^ = or j . 

Hence there is no other position of equilibrium. 

Ex. 3. A triangular prism floats with its edges horizontal, 
to find its positions of equilibrium. 

Let the figure be a section of the prism by a vertical plane 
through its centre of gravity. 

PQ is the line of floatation and JEf the centre of gravity 
of the liquid displaced. When there is equilibrium the area 
APQ is to ABC in the ratio of the density of the prism 
to the density of the liquid, and therefore for all possible 
positions of PQ the area APQ is constant ; hence PQ always 
touches, at its middle point, an hyperbola of which AB, AG, 
are the asymptotes. 
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Also HG must be perpendicular to PQ, and therefore since 

AH : HE = AG : GF, 

FE must be perpendicular to PQ, that is, FE is the normal 
at E to the hyperbola. The problem is therefore reduced to 
that of drawing normals from F to the curve. 

Let xy = c' be the equation of the curve referred to AB, 
AG B& axes, and let 

Z BAG =^e, AB = 2a, AC ^Ih (a). 

Let X, y, be the co-ordinates of E ; the co-ordinates of F 
are a, 6, and the equation of the normal at E is 

yco^O —X .^ . 

And if this pass through F^ the co-ordinates of which 
are a, 6, 

(^ — y) (^ cos — y) = (a — x)(y cos ^ — ^), 

or ic'— {a-\- bcos6) x=y^ — (acosd + b)y (/8). 

The equations (a) and (/8) determine all the points of tha 
hjrperbola^ the tang-en ts at which can be \mes» oi ^Lo^^'a.xKsi^. 
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Also (fi) is the equation to an equilateral hyperbola, re- 
ferred to conjugate diameters parallel to ABy AC ; the points 
of intersection of the two hyperbolas are therefore the posi- 
tions of E, 

To find X, we have 

x^ — {a + b cos6) .0^ + (a cos + b) (?x ~ c* = 0, 

an equation which has only one negative root, and one or three 
positive roots, and there may be therefore three positions of 
equilibrium or only one. 

If the densities of the liquid and the prism be p and o-, we 
have, since the area FAQ 

= JJ.P . ^Qsin ^= 2a^sin ^ = 2c* sin 6, 

2/3C* sin 6 = 2o-a6 sin ^, 

or p(? = (Toih, 

from which c is determined. 

Suppose the prism to be isosceles, then putting a = 6, the 
equation for x becomes 

a?*-c*-a(l+cos^)(a^-c'a;) = 0; 

from which we obtain a; = c, which gives y = c, and makes BO 
horizontal, an obvious position of equilibrium, and also 

a? = I (1 + cos ^) ± ll" (1 + cos &f - c"} 

= a cos* ^ + (a* cos* ^ — c*)* ; 

the isosceles prism will therefore have only one position of 
equilibrium, unless 

a cos ^>o\ 
and, since p(? = ad^y this is equivalent to 

^e /a 
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Ex. 4. Determine the positicm of equilibHum of a balloon 
of given size and weight, neglecting the variations of tempera- 
ture at different heights in the atmosphere. 

If the temperature be constant, the pressure of the air at 

-C . .11-^ 

a height z^Ile *, and its density = -jr € *, 11 being the 

atmospheric pressure at the level from which the height is 
measured. 

The air displaced consists of a series of strata of variable 
density, and if ^ be the height of the lowest point of the 
balloon, w the distance from that point of any horizontal 
section (X) of the balloon, and h its height, the weight of a 
stratum of the air displaced is 

k 
and the whole weight of air displaced 

= tile ' Xdx=^e * e ^Xdx, 
Jo k k Jo 

The form of the balloon being given, X is a known func- 
tion of X, and if W be the weight of the balloon and of the 
gas it contains, the height z will be determined by equating 
W to the expression we have obtained for the weight of the 
air displaced. 

60. A homogeneous solid floats, wholly immersed, in a 
liquid of which the density varies as the depth ; to find the 
depth of its centre of gravity. 

Let a, c, be the depths of the highest and lowest points of 
the solid, Z the area of a horizontal section of the solid at a 
depth Zy and fiz the density ; 

the weight of the liquid displaced = I gfjbzZdz, 

J a 

Let z be the depth of the centre of gravity of the solid, 
and V its volume, then 

Vz=r Zzdz; 

J a 
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therefore the weight of displaced liquid = gfJi^V, and if p be 
the density of the solid, its weight = gpV; hence p = piz, or 
the solid floats in such a position that the density of the 
liquid at the depth of the centre of gravity of the solid is 
equal to the density of the solid 

51. If a solid float under constraint, the conditions of 
equilibrium depend on the nature of the constraining 
circumstances, but in any case the resultant of the con- 
straining forces must act in a vertical direction, since the 
other forces, the weight of the body, and the fluid pressure, 
are vertical. 

If for instance one point of a solid be fixed, the condition 
of equilibrium is that the weight of the body and the weight 
of the fluid displaced should have equal moments about the 
fixed point ; this condition being satisfied, the solid will be at 
rest, and the stress on the fixed point will be the difference of 
the two weights. 

As an additional illustration, consider the case of a solid 
floating in water and supported by a string fastened to a point 
above the surface ; in the position of equilibrium the string 
will be vertical, and the tension of the string, together with 
the resultant fluid pressure, which is equal to the weight of 
the displaced fluid, will counterbalance the weight of the 
body; the tension is therefore equal to the difference of the 
weights, and the weights are inversely in the ratio of the dis- 
tances of their lines of action from the line of the string, 
these three lines being in the same vertical plane. 

52. For subsequent investigations, the following geome- 
trical propositions will be found important. 

If a solid be cut by a plane, and this plane be made to 
turn through a very small angle about a straight line in itself , 
the volume cut off will remxiin the same, provided the straight 
line pass through the centroid of the area of the plane section. 

To prove this, consider a right cylinder of any kind cut by 
a plane making with its base an angle 0. 
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Let z be the distance from the base of the centroid 
of the section A, Sil an element of the area of the section 
and Y the volume between the planes. Then 



or 



0= -^ ; 

.-. J. cos te = S {lA cos e . FK) 
V = z (area of base). 



= y. 



Now the centroid of the area A is also 
the centroid of all sections made by planes 
passing through it, as may be seen by pro- 
jecting the sections on the base of the cylin- 
der ; it follows therefore, that, z being the 
same for all such sections, the volumes cut 
off are the same. 

In the case of any solid, if the cutting 
plane be turned through a very small angle 
about the centroid of its section, the surface 
near the curves of section may be considered, 
without sensible error, cylindrical, and the above proposition 
is therefore established*. 

* The following form of proof may also be given. 

Let ACB, the catting plane, be turned through a small angle {$) about a 
line Cx, and let dA be an element of the area. 





Then the algebraical value of the additional volume cut off is equal to 
/0ydAt and, if this vanishes, fydA=0^ which is the condition that the 
centroid of A should lie in the axis of x ; and, taking C &% th& ^xi\xQ)\^^ ^\i^ 
plane through C wiU satisfy the same condition. 
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In other words, the diflference between the volume lost, 
and the volume gained by the change in the position of the 
cutting plane will be indefinitely small compared with either. 

63. Definitions, If a body float in a homogeneous liquid, 
the plane in which the body is intersected by the surface of 
the liquid is the plane of floatation. 

The point if, the centre of gravity of the liquid dis- 
placed, is the centre of buoyancy. 

If the body move so that the volume of liquid displaced 
remains unchanged, the envelope of the planes of floatation 
is the surface oj floatation, and the locus of -H" is the surface 
of buoyancy, 

64. If a plane move so as to cut from a solid a constant 
volume, and if H be the centroid of the volv/me cut off, the 
tangent plane at H to the siirface which is the locus of H is 
parallel to the cutting plane. 

In other words, the tangent planes at any point of the 




surface of floatation, and at the corresponding point of the 
surface of buoyancy are parallel to one another. 

We may observe that the algebraical moment about the axis of y of the 
Yolume cut off is fBxydA^ which vanishes if fxydA=0, that is, if me axes- 
(7ar, Cy he the principal axes of the area. 
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Turn the plane ACB, the cutting plane, through a small 
angle into the position aCb, the volumes of the wedges ACa^ 
Bub heing equal. 

Let Q and 0' be the centroids of these wedges. 
In QH produced take a point E such that 
EH : EG :: Volume AGa : Volume aDB, 

Join Eff and take ff such that 

EH' : Wa :: Vol. BGh : Yol aDB; 
then H' is the centroid of aDb ; 

.-. EH : HO :: EH' : HV\ 
and HH' is therefore parallel to GG\ 

Hence it follows that ultimately when the angle ACa is 
indefinitely diminished, 

HH' is parallel to ACB ; 

and Eff is a tangent at H to the locus of H. 

This being true for any displacement of the plane ACB 
about its centroid, it follows that the tangent plane at H 
to the locus of H is parallel to the plane ACB. 

55. The positions of equilibrium of a body floating in a 
kmiogeneou^ liquid are determined by drawing normals from 
0, the centre of gravity of the body, to the surface of buoyancy. 

For if OH be a normal to the surface of buoyancy, the 
tangent plane at H, being parallel to the plane of floatation, 
is horizontal, and OH is therefore vertical. 

The two conditions of equilibrium are then satisfied, and 
a position of equilibrium is determined. 

The problem comes to the same thing as determining the 
positions of equilibrium of a heavy body, bounded by the 
surfiace of buoyancy, on a horizontal plane. 

56. It should be noticed that the shaipe ot l\ife qwxn^ cil 
hofODcjr is entirely determined by tbe £otm ot >Ai^\:>Ci\v\>L$Jvxi% 
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surface, and is unaiBFected by an alteration of the form of 
that portion of the body which always remains immersed. 

Let JEfQ be an arc of the surface of buoyancy for a 
boundary BAG, and an immersed volume F, and imagine 
a, volume v, the centroid of which is h, to be cut ofif. 




Taking hlT : hH :: hQ' : HQ :: V : F- v, the surface 
H'Q' is the new curve of buoyancy which is obviously similar 
to the surface HQ. 

57. Particular cases of curves of buoyancy. 

For a triangular prism, as in Art. 49, the curve of floata- 
tion is the envelope of PQ, which is an hyperbola having -45, 
AG for asymptotes; and, since AH = ^AE, the curve of 
buoyancy is a similar hyperbola. 

If the body be a plane lamina bounded by a parabola, 
the curves of floatation and buoyancy are equal parabolas. 

If the boundary be an elliptic arc, the curves are arcs of 
similar and similarly situated concentric ellipses. 

If the immersed portion of a lamina (or prism), be a 
rectangle, the curve of floatation apparently is a single point, 
and the curve of buoyancy is a parabola. 

To prove this, let H, H be positions of the centroid 
corresponding to the positions AGB, AGB' of the line of 
floatation. 

Then, if AG=GB = a, BB = ^, GH = c, and S = the 
area cut off", 



I 
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This is a particular case of the triangular prism, and, as 
in that case, the curves of floatation and buoyancy are similar 
curves, the fact being that the curve of floatation is a parabola, 
with its vertex at G, flattened down to a straight line. The 
identity of the cases will be clearly seen by the application of 
a powerful microscope to the figure, capable of enlarging the 
evanescent parabola to a visible size. 

In the case of Ex. (2), Art. 49, S = 2a^ and the curve of 
buoyancy is the parabola, 3y* = 2ax, 

The radius of curvature at the vertex, H, of this parabola 
is Ja, which is less than HG. , 

Hence it will be seen that three normals can be drawn to 
the curve of buoyancy, giving the three positions of equili- 
brium. 

58. If the body be a lamina bounded by an hyperbolic 
arc, the curves are similar hyperbolas. 

Thus, if QVQ^ he a line of floatation, aud \S ^o! ,^ \i^ *^^ 
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diameters conjugate and parallel to QQ', inclined at an ai 
^, so that ah' sin 6 = a6, 




the area Q FQ' = 2 - Va?' - a"" sin ddx 

J a' a 

so that the ratio of od' to a', that is, of CV to CP is consta 
Moreover, 

(area) (CH) = 2 ^, sin ^ T ^ si c? -- d^da^ 

^ J a' 



= |a6 






and therefore the ratio of CH to CP is constant. 

These results can also be obtained by purely geometr 
reasoning. 

59. In the case of a right circular cone floating with 
vertex beneath the surface, the surfaces of floatation 
buoyancy are hyperboloids of revolution. 

If Fis the vertex of the cone, ACB the major axis ( 
section, and YK the perpendicular upon AB, the voli 
YAB is equal to 

iFir.i7r^J5.{^F.£Fsin»al* 
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But VK.AB^VA. VB sin« 2a, 

«ach expression being double the area VAB; therefore, the 
volume being constant, it follows that the area VAB is con- 
stant. 

The locus of C, the centroid of the plane section, is there- 
fore a hyperboloid of revolution, and VH being three-fourths 
of VG, the surface of buoyancy is a similar hyperboloid. 

60. If the floating body be such that the boundary of the 
portion immersed is the surface of an ellipsoid, it is easily 
seen that the surfaces of floatation and buoyancy are portions 
of similar and similarly situated concentric ellipsoids. For if 
the boundary be a portion of a spherical surface, this is ob- 
yiously true, and the sphere can be homogeneously strained 
into an ellipsoid. 

61. A solid of revolution floats in a liquid which rotates 
Miformlyy as if solid, about a vertical aads, the axis of the 
^olid coinciding with the cuds of rotation; required to find 
the condition of equilibrium. 

In a mass of rotating liquid, suppose a surface of revo- 
lution described, having its axis coincident with the axis of 
rotation, and consider the equilibrium of the liquid within 
this surface. The resultant of the fluid pressures upon the 
liquid must be equal to its weight, and the same pressures 
being exerted on the surface of any solid occupying the 
same space, it follows that any such solid will be in equi- 
librium, if its weight be equal to the weight of the fluid it 
displaces. 

It will be seen moreover that it is quite indifferent 
whether the solid rotate with the fluid, or with a different 
angular velocity, or be at rest. 

Ex. A cylinder floats in rotating liquid; to flnd the 
depth to which it is immersed. 

If 0) be the angular velocity, the equation to the gene- 
rating parabola of the free surface, taking its vertex as the 
origin, is ©'y* = 2ff£:, and if / be the deptk oi \JDL^.\i^«»^ <^H. \X\fc 
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cylinder below the circle of floatation, that is, the circle in 
which the free surface intersects the surface of the cylinder,, 
and c the radius of the cylinder, the volume of the displaced 
fluid is the difference between the volume of a height z oC 

the cylinder, and the volume of a height -^— of the para- 
boloid. 

Hence, if <r be the density of the cylinder and p of th^- 
fluid, 

2, f 9 f ttcdVn 



and z =- h + 



4^g • 



62. A more general case is that of a body floating^ 
wholly or partially immersed, in a liquid at rest under th^ 
action of any given forces, the same forces being supposed 
to act on the molecules of the body. 

If the body be in equilibrium, the resulting force upon it 
will be equal to the resulting force on the liquid displaced, 
and the lines of action of the two forces will be the same. 

For, if the body be removed, and its place occupied by the 
displaced liquid, the resulting pressure of the liquid upon the 
body will be the same as upon the displaced liquid, and will 
therefore be equal and opposite to the resultant force upon 
the displaced liquid. 

Ex. A mass of liquid is at rest wnder the action of a force 
to a fixed point varying as the distance, and a solid in the form 
of a spherical sector is at rest partly immersed in it, with its 
vertex at the fixed point ; it is required to compare the densities 
of the liquid and the solid. 

In the state of equilibrium, let r be the radius of the free 
surface of the liquid, and a the radius of the spherical sector. 
The volumes of the sector and of the displaced liquid are in 
the ratio of a^ to r^\ and the distances of their centres of 
mass from the centre of force are in the ratio of a to r ; 

/. it p and <r be the densities, ^a^ = <r/. 



EQUILIBRIUM OF A FLOATING BODY. 



81 



63. Potential energy stored up by the immersion of a solid 
k a liquid. 

If a solid body be immersed in a vessel containing liquid, 
work is done, and therefore potential energy is gained by the 
elevation of the centre of gravity of the liquid. 




Let X be the depth of liquid, z the depth of immersion of 
the solid, X and Z the corresponding areal sections of the 
vessel and the solid, V the volume of liquid, and V of the 
immereed portion of the solid. 



Then, 



Vx = rX'x'dx' "[' Z{x-z + z') dz\ 

J Q Jo 



and the increase of potential energy is the variation of the 
expression gpVx, due to an increase 8x ia x. 

Taking gp = 1, this variation 

= XxSx — (Sx — Sz) F' — (a? — z) ZSz — ZzSz, 
and, observing that 

Jo Jo 

and therefore that 

XSx = ZSz, 
the variation = V (Bz — Bx). 

This result can of course be obtained at once by observing 
that V is equal to the resultant vertical pressure on the 
solid, and that Sz— Bx is the descent of the solid due to the 
ascent &? of the liquid, 

B. H. ^ 
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EXAMPLES. 

1. Prove that a homogeneous solid, in the form of a right 
circular cone, can float in a liquid of twice its own density 
with its axis horizontal, and find, in that case, the whole 
pressure on the surface immersed. 

2. A solid formed of two co-axial right cones, of the same 
vertical angle, connected at the vertices, is placed with one 
end in contact with the horizontal base of a vessel : water is 
then poured into the vessel ; shew that if the altitude of the 
upper cone be treble that of the lower, and the common den- 
sity of the spindle four-sevenths that of the water, it will be 
upon the point of rising when the water reaches to the level 
of its upper end. 

3. A cone, of given weight and volume, floats with its 
vertex downwards; prove that the surface of the cone in 
contact with the liquid is least when its vertical angle is 

2 tan"*-,^ . 

4. A square board is placed in liquid of four times its 
density; shew that there are three different positions in 
which it will float with one given comer only below the 
surface of the fluid. 

5. A body is floating in water; a hollow vessel is in- 
verted over it and depressed : what effect will be produced in 
the position of the body, (1) with reference to the surface of 
the water within the vessel, (2) with reference to the surface 
of the fluid outside ? 

6. A hollow hemispherical shell has a heavy particle 
fixed to its rim, and floats in water with the particle just 
above the surface, and with the plane of the rim inclined at 
an angle of 45" to the surface ; shew that the weight of the 
hemisphere : the weight of the water which it would contain 

::4V2-5 : 6V2. 
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7. A sphere of given radius r floats in equilibrium in a 
quantity of water contained in a cylindrical vessel, revolving 
uniformly about its axis which is vertical ; the velocity of 
rotation cd is such that a>^r = g; prove that the whole pressure 
upon the sphere varies as the cube of the surface immersed. 

8. A cone of semi-vertical angle 30*^ and axis h floats 
with its axis vertical and vertex downwards in a fluid whose 
density is one-third greater than its own ; shew that the rim 
of its base will be just immersed if the fluid rotate, as if rigid, 
with angular velocity ^gl\/h about a vertical line coinciding 
with the axis of the cone. 

9. A solid cone is divided into two parts by a plane 
through its axis, and the parts are connected by a hinge at 
the vertex ; the system being placed in water with its axis 
vertical and vertex downwards, shew that, if it float without 
separation of the parts, the length of the axis immersed is 
greater than h sin* a, h being the height of the cone, and 2a 
its vertical angle. 

10. A cone, the vertex of which is fixed at the bottom of 
a vessel containing water, is in equilibrium, with its slant side 
vertical and the lowest point of its base just touching the 
surface. Compare the density of the cone with that of the 
water. 

11. The curved surface of a cup is formed by the revolu- 

tion of a portion of the curve = log r about its asymptote. 

It floats in liquid with its axis vertical and narrow end down- 
wards, and a heavier liquid is poured into it. Shew that 
if the cup be made of proper weight, the distance between 
the surfaces of the two liquids will be constant. 

12. A cylinder floats in a liquid with its axis inclined at 
an angle tan"^ 2/5 to the vertical, and its upper end just above 
the surface ; prove that the radius is 4/7 of the height of the 
cylinder. 

13. Two rods of the same substance have their ends 
fastened together, and float in a liquid with the angle 
immersed ; shew thaJt the curve of buoyancy V^ ^ ^^\%)c»<S\a.. 
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14. If a given quantity of homogeneous matter be formed 
into a paraboloid of revolution and allowed to float with the 
vertex downwards, the square of the distance of the centre of 
gravity from the plane of floatation will be inversely propor— 
tional to the latus rectum. 

15. A hollow hemispherical cup is closed by a lid of the 
same small thickness and of the same substance ; shew that, 
if it float in a liquid with its centre in the surface, the in- 
clination of the lid to the vertical will be 11® 15'. 

16. A right circular cone has a plane base in the form of 
an ellipse; the cone floats with its longest generating line 
horizontal; if 2a be the vertical angle, and J3 the angle 
between the plane base and the shortest generating line, 
shew that 

5 cot j3 = 5 cot 4a — cosec 4a. 

17. If the height of a right circular cone be equal to the 
diameter of the base, it will float, with its slant side hori- 
zontal, in any liquid of greater density. 

18. A cone, whose height is h and vertical angle 2a, has 
its vertex fixed at distance c beneath the surface of a liquid ; 
shew that it will rest with its base just out of the liquid if 

o-c* . cos* a . cos ^ = ph*^ [cos (6 — a), cos (0 + a)]^, 

where a and p are the densities of the liquid and cone, and 
is given by the equation c cos a = hcos(0+ a). 

19. A tetrahedron floats in water with one comer im- 
mersed. The three edges which meet in this comer are equal 
and mutually at right angles. Shew that there are one, two, 
or three distinct positions of equilibrium, according as the 
ratio of the density of the tetrahedron to that of the water is 
greater, equal to, or less than 4 : 27. 

20. A hemispherical shell (radius 2a) containing water 
rotates with an angular velocity JSg/j7a about its axis 
which is vertical ; a sphere (radius a) rests on the water with 

its lowest point in contact w\t\i t\ie ^^ ^N\flcLQ>a\» ^^t^^ssat^ 
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on it. If the free surface passes through the rim of the shell, 
shew that 

density of sphere : density of water :: 128 : 189. 

21. An isosceles triangular lamina ABG, right-angled at 
O, floats with its plane vertical and the augle C immersed, in 
a liquid of which the density varies as the depth ; prove that, 
if w/4 + ^ be the angle which AB makes with the vertical, in 
either of the positions of equilibrium in which AB \b not 
horizontal, the value of is given by an equation of the form 

m sin' 6 cos' 6 = (sin 6 + cos Of. 

22. A right circular cylinder, whose axis is vertical, con- 
tains a quantity of liquid, the density of which varies as the 
depth, and a right cone whose axis is coincident with that of 
the cyUnder and which is of equal base, is allowed to sink 
slowly into the liquid with its vertex downwards. If the 
cone be in equilibrium when just immersed, prove that 
the density of the cone is equal to the initial density of the 
liquid at a depth equal to -^th the length of the axis of the 
cone. 

23. A solid cone, of height A, vertical angle 2a, and 
density p, is moveable about its vertex, and its vertex is fixed 
at a depth c below the surface of a liquid, the density of 
which, at a depth z, is ^z. The cone is in equilibrium with 
its axis inclined at an angle d to the vertical, and its base 
above the surface; prove that 

/AC* cos' a cos ^ = 5/3^* {cos {6 + a) cos {6 — a)}i 

24. A hollow paraboloidal vessel floats in water with a 
heavy sphere lying in it. There being an opening at the 
vertex, tne water occupies the whole of the space between the 
vessel and the sphere. If the resultant pressure on the sphere 
be equal to half the weight of the water which would fill it, 
shew that the depth of the centre of the sphere below the 
surface of the water is 4a73c, where 4a is the latus rectum 
of the paraboloid, and c the distance of the plane of contact 
from the Yertex. 
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25. A right cone floats with its vertex downwards in 
a fluid of which the density varies as the depth. Shew that 
if its axis can make an angle 6 with the vertical in a position 
of equilibrium, then 

5 cos a sec (cos* — sin' a)* = ^^il^ajpy 

where a is the semi- vertical angle of the cone, a its density,^ 
p that of the fluid at a depth equal to the slant side of the 
cone. 

26. A right-angled triangular prism floats in a fluid of 
which the density varies as the depth with the right angle 
immersed and the edges horizontal ; the curve of buoyancy is 
of the form 

r' sin* cos* = c^ 

27. A life-belt in the form of an anchor-ring generated 
by a circle of radius a floats in water with its equatoreal 
plane horizontal ; shew that Zy the depth immersed, is given 
by the equations 

2? = a (1 — cos /9), 

27r = 5 (2/3 - sin 2/3) ; 
where s is the specific gravity of the material of the belt. 

28. A parabolic lamina, bounded by a double ordinate 
perpendicular to the axis, floats in a liquid with its focus in 
the surface and its axis inclined at the angle tan~V7/2 to 
the vertical ; prove that the density of the liquid is to that 
of the lamina as 216 : 121, and that the length of the 
bounding ordinate is three times the latus rectum. 

29. A solid right cone of density o-, height A, and vertical 
angle 2a can turn freely about its vertex which is fixed at a 
height d above the surface of a liquid of density p. If it 
float with its base wholly immersed, and its axis inclined 
obliquely at an angle with the vertical, shew that 

h*(p — a) {cos (0 + a) cos {0 — a)}^ = d*p cos cos' a. 

30. An indefinitely small piece of ice, the shape of which 
may he taken to be that of a right circular cylinder, is float- 
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ing in water with its axis vertical. The part immersed 
receives deposits of ice in such a manner as to continue 
cylindrical, the radius and axis receiving equal increments 
in equal times. Find the ultimate shape of the part not 
immersed. 

If the specific gravity of ice be '96, prove that the surface 
is formed by the revolution of the curve 
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THE STABILITY OF THE EQUILIBRIUM OF FLOATING BODIES. 

64. If a floating body be slightly displaced, it will in 
general either tend to return to its original position, or will 
recede farther from that position ; in the former case the 
equilibrium is said to be stable^ and in the latter unstable^ for 
that particular direction of displacement. 

Consider first a small vertical displacement: it is clear 
that, if the body be floating partially immersed in homogene- 
ous fluid, or if it be immersed, either wholly or partially, in a 
heterogeneous fluid of which the density increases with the 
depth, a depression will increase the weight of the fluid dis- 
placed, and on the contrary an elevation will diminish it ; in 
either case the tendency of the fluid pressure is to restore the 
body to its position of rest, and the equilibrium is stable with 
regard to vertical displacements. This, it will be observed, is 
only shewn to be true of rigid bodies ; if the increased pres- 
sure, caused by depression, have the effect of compressing any 
portion of the floating body, the equilibrium is not necessarily 
stable, and in fact it may be unstable. 

An arbitrary displacement will in general involve both 
vertical and angular changes in the position of the body ; if 
however the displacement be small, as we have supposed to 
be the case, the effects of the two changes of position can be 
treated independently ; and we proceed to consider the effect 
of a small angular displacement, on the supposition that the 
weight of fluid displaced remains unchanged, and conse- 
guently that the fluid pressure has no tendency to raise or 
aepreaa the centre of gravity of the body. 
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65. A solid, floating at rest in a homogeneous liquid,, is 
made to turn through a very small angle in a given vertical 
plane ; to determine whether the fluid pressure will tend to 
restore it to its original position or not 

Suppose the volume of liquid displaced to remain un- 
changed, and that the centre of buoyancy remains in the 
vertical plane of displacement through HQ. This will be the 
case if GN be a principal axis of the plane of floatation. 

Let AEG be the original plane of floatation and BCb the 
water-line after displacement through a small angle 0, the 
centre of gravity of the solid, H of the fluid originally dis- 
placed, and V the volume of the fluid displaced. 




In the second figure CN is the line of intersection of the 
two planes AGa, BGb, which is perpendicular to the plane 
AGBy in the first figure. 




The resultant fluid pressure is the weight of BDah acting 
upwards, and is therefore equivalent to the weight of ABa, 
or gpV, acting upwards through H, of the wedge aCb acting 
upwards^ and ot the wedge AGB acting doviTrw^xd^.^. 
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These wedges being equal, the resultant action of the two 
wedges is a couple, the moment of which about G is equal to 
its moment about (7. 

Taking for convenience gp as unity, the weight of an ele- 
ment PN of one of the wedges 

where x = CN, and y = PN; and the distance from CN of its 
centre of gravity is fy ; 

.*. the moment about CN of the wedges 

where A is the area of the section AGa of the body by the 
plane of floatation, and k its radius of gyration relative to the 
line GN, Hence the restorative moment of the fluid pressure 
about a horizontal axis through G, parallel to GNy 

= (Ak'-V.HO)e; 

and if this moment is positive the solid tends to return to its 
original position, i.e. the equilibrium is stable 

when H0< -^y 

and conversely, is unstable 

AF 



when HQ > 



r • 



If M be the point in HO through which the resultant ver- 
tical pressure of the fluid acts, in other words, if the vertical 
line through the centre of buoyancy meet HO in M, the 
moment is 

V. OM sin 0, 

or V(HM^HG)d; 

and the equilibrium is stable or unstable according as HM> 
or <HG. 

The point M is called the Tnetacentre. 
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If HO = AI(?/V, that is, if if and coincide, the equili- 
brium is said to be neutral, and, when this is the case, the 
approximation must be carried to a higher power of 6, in 
order to determine whether the equilibrium is stable or 
unstable for small displacements. 

Replacing gp, it will be seen that, in the general case, the 
restorative moment, for a displacement through a small angle 
0, is 

gp0(AI(^-V.HO), 

66. A body, which is floating in a liquid, is turned through 
a small angle ^ romid a principal cuxds at the centroid of the 
plane of floatation ; to determine the amount of work expended 
in producing the displacement 

Let the displacement be about the line CN in the second 
figure. 

Then, if K represent the expression gp (Ak^— F. HQ\ 
KB is the couple required to hold the body at the displace- 
ment 6, and Kdhd is the work done in producing the addi- 
tional displacement hO, 

Hence the work done in producing the small displace- 
ment <f> 

= [^Kddd = ^K<f>\ 
Jo 



67. We have assumed, in the preceding investigations,, 
that the centre of gravity of the displaced liquid remains in 
the vertical plane of displacement passing through HO ; when 
this is not the case, the expression 

gp(AI(?-V.HQ)0, 

will still represent the moment of the fluid pressures, but the 
line of action of the resultant fluid pressure will not neces- 
sarily lie in the plane ABa, 

Let X be the distance measured in the direction CN, from 
the vertical plane ADa, of the vertical through the centre of 
gravity {H') of the solid Bab, then 

Vx=JJgpdayjjdydoii, 
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SO that X depends upon the product of inertia of the area, and 
vanishes when Cx and Cy are principal axes. 

If the projection of the vertical through W on the plane 
ABa meet HG in M, the moment of the fluid pressures about 
G will still be represented by V. GM, 6, and therefore as in 
the previous case V.HM=^A, and if rotation in the direc- 
tion of the plane ABa only be allowed, the position of the 
point M defines the stability of the equilibrium. 

68. It must be observed that the above investigation is 
^sentially statical ; it is simply an inquiry into the direction 
in which the moment of the fluid pressure about a certain 
horizontal axis through G is acting in the position of dis- 
placement contemplated. 

Considered dynamically, if the horizontal axis through G 
be not a principal axis, the forces introduced by displacement 
will cause accelerations about other axes through G, and will 
consequently produce rotations about varying axes. 

Moreover a rotation about G would, except in the case in 
which E and C are coincident, cause a change in the quantity 
of fluid displaced, and vertical oscillations would therefore 
ensue. 

69. The question of stability may be treated somewhat 
differently. 

Defining the metacentre as the point of intersection with 
the line HG of the vertical line through the new centre of 
buoyancy after a slight displacement, we are led to the fol- 
lowing theorem ; 

The metacentre is the centre of curvature of the curve of 
buoyancy at the point in the same vertical line with G. 

This is at once obvious from the fact that the point M is 
the point of intersection of consecutive normals to the curve. 

Hence it appears that for any displacement, consistent 
with the condition that the volume displaced remains the 
same, the direction of the fluid pressure is always a vertical 
tangent to the evolute of the curve of buoyancy. 
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70. From the preceding theorem we can determine the 
expression for the height of the metacentre above the point H. 

Let H be the centre of gravity of the volume ADB, and 
J?' of aDh, aCA being a small angle 0, 

Then, if a be an element of the area of the plane of 
floatation, 




H'N\ HN, perpendiculars upon the vertical line through C, 

or H'L.V=eA}(^; 

but, if M be the centre of curvature at H, 

/. V.HM=I(^A. 

The restorative moment, for a small displacement 0, 
= gpV.GM.0=^gp0(Ak'-r.HO). 

71. The preceding article assumes that the vertical line 
of action of the fluid pressure, after a slight displacement, in- 
tersects HQ. This will be true only when the plane of dis- 
placement is a principal section, at H, of the surface of 
buoyancy. When this is not the case, the projection of the 
line of action on the vertical plane of displacement will inter- 
sect HG in a point M, which will be the centre of curva^twx^ 
of the norma] section of the surface. 
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The radius of curvature of any normal section at H, of the 
surface of buoyancy, is therefore -4A*/F, and, if / and F be 
the principal moments of inertia of the plane of floatation alt 
its centroid, the principal radii of curvature, at fl, of the 
surface of buoyancy are 

and the principal sections are parallel to the principal axes 
of the plane of floatation. 

72. A most important case naturally presents itself; that 
is, the question of the stability of equilibrium of a ship when 
displaced by rolling. 

In this case the vertical plane through HGy perpendicular 
to the plane of displacement, divides the floating body sym- 
metrically, and consequently the vertical line HO passes 
through the point G in the plane of floatation. 

The line HQ also divides the curve of buoyancy symmetri- 
cally, and the point -ff is a point of maximum or minimum 
curvature. In the first of these two cases the cusp of the 
evolute is pointed downwards ; in the second case it is pointed 
upwards. 
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The figures at once shew the effects of displacement. 

In the first case the righting moment, which is the stati- 
cal measure of stability for a given angle of displacement, is 
proportional to GY the perpendicular from on the tangent 
PQ, and increases with an increase in the angle of displace- 
ment. 

In the second case, the righting moment increases to a 
maximum value, and then diminishes, vanishing for the 
position given by the tangent GQ'JP". 

This is a position of equilibrium, but it is of unstable 
equilibrium, in accordance with the general mechanical law 
that positions of stable and unstable equilibrium occur alter- 
nately. 

If the equation to the curve of buoyancy be obtained in 
the form />=/(</>), being the origin, 

0Y=^ 



and the righting moment is 



W 



dp 



if W be the weight of the ship. 

In general the curve of buoyancy, for moderate dis^W^- 
ments, is approximately an arc of an Yiypet\>o\a.\ *vft.\)cife ^"^si^ 
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of a * wall-sided ' ship, that is of a ship with the sides vertical 
near the water-line, the curve is an arc of a parabola. 

73. Taking the case of a ship floating upright, the 
expression for the radius of curvature of a transverse section, 
2A, of the surface of floatation is 



r,= 



_ Jy* tan ads 
A 



ds being an element of the perimeter of the water-section, 
and a the inclination of the side of the ship to the vertical 

To prove this, let (J be the centre of gravity of a section 
through G making a small angle 6 with the water-section 
ACB, and let aCh be the projection of the perimeter of the 
new section upon the water-section, E being the projection 
ofO^ 

Taking PQ = ds, and drawing Pp and Qq normals to the 
perimeter, the element of area PQqp = yO tan ads ; 

/. GE. {2A) = 2 ife tan ads, 

and, since GG' = r^6, and GE = (7(7 ultimately, it follows that 

r^A = /y* tan ads, 



// 

/ / 

/ / 




/ 1 


\^'^> 


\ \ 

\ \ 
x. \ 
X. ^ 


/ 

/ » 
/ 
/ / 



a 



an expression flrst given by Mons. C. Dupin, in a memoir 
giyen to the Academic des Sciences in 1814, 
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A corresponding expression obviously exists for the radius 
of curvature (^,) of the longitudinal section. 

74. Calling r and R the metacentric heights for trans- 
versal and longitudinal displacements, that is, the radii of 
curvature of transverse and longitudinal sections of the 
surface of buoyancy ; we know that 

r = ^ and -B = -i^ , 

where i and / are the principal moments of inertia of the 
water-section. 

Mons. K Leclert has established the following relations 
between these quantities ; 



_ di _ Vdr 



E, = ^ = E.hF^^ 



dV 



dV 



A translation of Leclert's paper is given by Mr Merrifield 
in the Proceedings, for 1870, of the Institution of Naval 
Architects, and in the Messenger of Mathematics, March, 1872. 
The following is the first of the two proofs which are given. 

Taking a section parallel to the water-section, and at a 
distance dz from it, 

dV = Adz, 




Let apqh be the projection of this new section upon the 
water-section ; then di is the moment of inertia of the area 
between ah and AB ; 



.'. t?i=2y*d2;.taiiad8, 



B. H. 
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and 



di 
dz 



Hence 



- = /y * tan a ds, 

_ 1 di ^ di 
^'"Ad'^^dV' 
di i Vdi — idV 



or 



''^' ^"dF F" 

Vdr 



VdV 



D 



M 



C 



75. Effect of a slight iiicrease in the load of a s 
the position of the metacentre. 

Assuming that a ship has two vertical planes of syrrn 
let C be the centroid of the 
plane of floatation, and consider 
the stability in one of these 
planes. 

Taking (7' as the new posi- 
tion of C when the load is 
slightly increased, let SF repre- 
sent the additional displacement. 

Then, if H' and M' are the 

new positions of H and Jlf , 

but GH',hV=V.Hn\ 

^^{r,^r + GH), 

r^ representing CD, the radius of 
curvature of the surface of floatation. 

SF 
Hence MM' = -y-(CB- HM + GH) 

SF 
^-y{HD^HM), 



C 



IE' 
B 
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80 that the metacentre is elevated or depressed, relative to 
the ship, according as the metacentre is below or above the 
centre of curvature of the surface of floatation. 

76. Heeling over of a screw-steamer due to the action of 
its screw*. 

If L is the turning couple of the engine, measured in 
foot-pounds, and if n is the number of revolutions per 
minute, the work done in one minute is 27rnL, But, if JJ is 
the horse-power at which the engine is working, 

the work done = 33000 H; 

.-. 27mi = 33000 if . 

If is the angle through which the steamer heels over, 
h the height of the metacentre above the centre of gravity, 
and W the weight of the steamer in tons, 

i = 2240 TTA sin 5 ; 

. • . 33000 H=-27mx 2240 Wh sin 0, 

an equation which determines 0. 

The heeling effect can be counteracted by placing a 
weight w at a given distance c from the medial plane, such 
that 

w,c = L, 

)r 27r7i cw = 33000 H. 

In the case of a paddle steamer, the heeling over will be 
n the longitudinal direction, and in this case h will be the 
ongitudinal metacentric height. 

It will be seen that the heeling over is in the opposite 
irection to the rotation. Thus, in the case of a paddle 
beamer going ahead, the bow is slightly lifted and the stem 
3 slightly sunk. 

77. We now append some examples of the determination 
* the metacentre. 

* This article is due to Pioi. Oieecaoa^. 
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Ex. 1. A solid cylinder of radius a and length h. floating 
with its aods vertical. 

In this case the plane of floatation is a circular area, and 

Jo Jo 

ir 

= |a* I cos*^ dO, putting a; = a sin 6, 
Jo 

__ 7m* 

therefore, if h^ be the length of the axis immersed, 

7ra'h\HM=^, otHM=~, 

4 Ash 

and the equilibrium is stable if 

a* h h' 



4A' 2 2 

Ex. 2. J. cylinder floating with its aods horizontal and 
in the surface is displaced in the vertical plane through the 
aods. 

The plane of floatation is a rectangle, and 

AI(^ = iah\ 

h being the length of the cylinder, and a its radius ; 

h' 
ira ' 

and the equilibrium is stable, if 



.'. HM=i 



}^ 4a 
or h> 2,a. 
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E!x. 3. A solid cone floating vnth its axis vertical and 
vertex downwards. 

Let h be the length of the axis, 

z the portion of the axis immersed, 
2a the vertical angle of the cone. 
Then Al^ = J7r<2* tan' a, 

and F= Jtt/ tan' a ; 

.-. JTJIf = f -a: tan' a ; 
also HG^ih-iz, 

and therefore the equilibrium is stable or unstable, according 

as 

z tan' a>ox<h — z, 
or z>or <h cos' a. 

But if p, o" be the densities of the fluid and cone. 






\i\ 



I 



P 

therefore the equilibrium is stable or unstable as 

- > or < (cos of. 
P 

Ex. 4. An isosceles triangular prism floating vnth its base 
^ immersed, and its edges horizontal. 

Referring to Art. 49, consider first the position of equi- 
librium in which the base is inclined to the horizon. 

In this case, if AQ = 2y and AP = 2a?, x and y are given 
by the equations 

ic + y = 2a cos' ^ , 
xy = c^ 
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The co-ordinates of G and // referred to AB, At 
are respectively, 

fa, fa, and |a?, |y, 
... jyG'' = |{(a-a;)' + (a-y)»+2(a-^)(a-y)c 
= |{«^ + 2/' + 2a;ycos^-2a(l+cos^)(a? + y) + 2a*(l 
from which, by means of the above equations, we ob 

. 6^9 off 



fl(? = |8in|(a»co8»|-c')^. 



The area PA Q = 20" sin 0, and if M be the me 
and I the length of the prism, 

2lc'An0.HM = ^.PQ.l, 



240* sin ' 
But PQ' = 4> (a? +y'-2a!y cos 0) 

= 16 cos' „ (o' cos* s ~ c") ; 
cos^ 



. •. ffjf = I 1 (a» cos' 5 - c')*^ 

Q • 1/ iU 



C* Sm ;r 



and FJf > HO, if c» sin' 5 < cos' | (o' cos' f - c 

^ ^ ^ 

i.e. it cos ^ > - . 
2 a 

Next, consider the case in which the base is he 
and PQ therefore parallel to BG, 

TheareaP^Q = 2c"sin^, 

AP = AQ = 2c, and PQ = 4csin|. 
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2 e 

Hence, HM = ^ x , and HO = |(a — c) cos „ , 

and HM>HGiicos'i<-. 

2 a 

Now in the Art. 49, before referred to, we have shewn that 
there are three positions of equilibrium, or one only, according 
as 

^0 c 

cos' ^ > or < - . 
2 a 

Hence it follows, that when there are three positions of 
equilibrium, the intermediate one, in which GB is horizontal, 
is a position of unstable equilibrium, while in the other two 
positions the equilibrium is stable. 

If there be only one position in which the prism will rest, 
its equilibrium is stable. 

It will be a useful exercise for the student to obtain these 
results by investigating the equation to the curve of buoy- 
ancy, and determining the position of its centre of curvature. 

78. Finite displacements. If a solid body, floating in 
water, be turned through any given angle from its position 
of equilibrium, then, as before, the moment of the fluid pres- 
sure is restorative or not according as the point L at which 
the vertical through the new centre of buoyancy meets the 
line HO is above or below G, 

It is not to be inferred that if Z is above G, the body 
will when set free return to its original position and oscillate 
through it, or even that the original position is one of 
stable equilibrium, according to our previous definition of 
stability : it is a general law of mechanics that positions of 
stable and unstable equilibrium occur alternately, and the 
body may have been displaced from its original position 
through other positions of equilibrium. 

As a particular example take the foWomTi^. 
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A solid cone, floating with its aods vertical and verteaa 
downwards, is turned through an angle 6 in a vertical plane, 
the volume of fluid displaced remaining the same; to deter^ 
mine the direction of the moment of the fluid pressure. 

Let AB be the major axis of the elliptic section made by 
the surface plane of the fluid, C its middle point, Aa, Eb, Co, 
lines at right angles to AB, and let the angle AVB = 2a and. 
VA=d. Then 

VAa^e-a, and F56 = 7r-^-a. 




Fc = i(Fa+7J) = i.|d?^^^> + d 



COS {0 -• g) sin {0 + a )\ 
cos {0 + a) sin ^ 



rfcos 
cos (^ + a) ' 



Fi = }d 



cos^ 



cos (^ + a) * 

The semi-minor axis of the ellipse AB is a mean propor- 
tional between the perpendiculars from A and B on the axis 
of the cone, 



or 
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/. its area= wiil£(F4 . F£. sin'a)* 

_ TT^sin asm2a (cos(^ — a)p 
"" 2 cos (^ + a)* \cos(0 + a)} ' 
therefore the volume of the fluid displaced 

= Jd cos (^ — a) . (area of ellipse) 

, ,3 . , fcos(^-a))* 

= *wd'*8m'acosa'^ — ~ ^(y . 

" (cos {0 + a)} 

Hence, if /o, <r be the densities of the fluid and the cone, 
since the weight of the fluid displaced is equal to that of the 
cone, we have 

,. . 3 fcos(5-a))* ,,^ J 

pd'sm^acostti — yjr-, — ir =<rA'tan'a, 
^ (cos (0 + a)J 

/dy ^ a f cos(g + «) ]* 1 
\hj p (cos (0 — a)) cos'a * 

And VL >VOi{ 

, cos ^ , 

COS (^ + a) 

or *f y^ ^^^ ^ ^^® (^ ■*■ *^ f cos (0 — g) ) ^ 

V /o cos 5 ' (cos (0 + a)j 

Supposing indefinitely small, we obtain the condition of 
stability for an infinitesimal displacement, 

- > cos'a ; as before, Ex. 3, Art. 77. 

Let the equilibrium of the cone be neutral, that is, let 

o" = /o cos^a, 

then, after a finite displacement, the action of the fluid will 
tend to restore the cone to its original position, if 

cos a . cos ^ > \/{cos (^ + a) . cos {0 — a)}, 

a condition which is always true, a and 5 being each less than 
a right angle. 

In the case of neutral equilibrium of a cone, the equili- 
brium may therefore be characterised as stable for aay flnite 
displaceizreii^. 



v'; 
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79. When liquid is contained in a vessel, which is 
slightly displaced from its original position, the preceding 
investigations enable us to determine the line of action of the 
resultant downward pressure. 

The problem in fact in this case, as in the previous case, 
is the following. 

A given volume, the centre of gravity of which is H, is 
cut from a solid ABC by a plane, and the line CH is perpen- 
dicular to the plane; the same volume being cut oflf by a 
plane making a very small angle with the plane AB, to 
determine the position of the straight line perpendicular to 
the second plane, and passing through the centre of gravity 
of the volume cut oflf by it. 

If the interior surface of the vessel is symmetrical with 
respect to the plane through H perpendicular to the line of 
intersection of the two planes, the line whose position is 
required will intersect CH in a point M, the metacentre, the 
position of which is determined by our previous results. 

80. A hollow vessel containing liquid, floojts in liquid ; re- 
quired to determine the nature of the equilibrium^ sv/pposing 
that the body is symmetrical with respect to the vertical plane 
of displacement through its centre of gravity, and that the 
centres of gravity of the body and of the liquid are in the same 
vertical line. 
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Let M be the metacentre for the displaced fluid, and M' 
for the contained fluid, TT, W\ the weights of the displaced 
and contained fluid*. 

Taking moments about (?, the centre of gravity of the 
vessel, the resultant fluid pressures will tend to restore equi- 
librium, or the reverse, according as 

W.GM-W\QM 

is positive or negative, i.e. as 

W GW 

Ex. A hollow cone containing water floats in water with 
its ems vertical. 

Let h = the length of the axis of the cone, 

K = the length of the axis in the contained fluid, 

z = the length beneath the surface of the external 
fluid. 

Taking 2a as the vertical angle of the cone, we have 

HM=^ztSin^oL 
But HO='ih-^z; 

.-. (?if=f«sec«a-fA. 
Similarly Gif' = f A'sec'a-f A, 

1 Tr__^ 

also IP "" A'* ' 



therefore the equilibrium is stable if 

fzV 9A'sec*a-8A 
Uv ^ 9^ sec'a - 8A ' 

z being given by the equation 

W—W' = igpir tan^a (^ — A") = weight of cone. 

81. In the case in which the centres of gravity of the 

* This is the case of a leaky ship rolling ; the next actLolft dx^^^^^*^ VSokj^ 
pitching of a leakjr Bbip. 



108 



METACENTBE. 



contained and of the displaced fluid are not in the same 
vertical, suppose the displacement to take place in direction 
of the vertical plane through the centres of gravity, and that 
the body is symmetrical with respect to that plane. 

Let be the centre of gravity of the body, H of the fluid 
displaced, H' of the contained fluid, and Jf, M\ the meta- 
centres. 




Also let GNN' be horizontal in the position of equili- 
brium, and OLL' the horizontal line through G in the dis- 
placed position. 

Then W, W\ having the same meanings as before, and 
being the angle of displacement, the equilibrium is stable or 
unstable, as 

W,OL>or<W\OL\ 
or 

W(ONcoa0 + MNsme)>oT< W (GIT cos 6 + MIT sin 6), 

i.e. since W.GN=W.GN\ 



as 



W_ M'N' 



82. Stability of the equilibrium of bodies floating under 
ccMStraint 

In those cases of constraint, in which, for a sm^l displace- 
ment, the volume of liquid displaced remains unchanged^ the 
theory of the metacentre determines the line of action of the 
fluid pressure, and the question of stability is then easily 
determined. 
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Suppose, for instance, that a body, partially immersed, is 
moveable about a horizontal axis, which is vertically beneath 
the centre of gravity (0) of the plane of section of the body 
by the surface of the liquid. 

The effect of a displacement through a small angle will 
be to depress the point C through a space which depends 
upon ^, and therefore, to the first order of small quantities, 
the volume displaced remains unchanged, and the metacentre 
is the same as if (7 remained in the surface. 

If the body be moveable about a horizontal axis which is 
not vertically beneath the point (7, the change in the volume 
displaced canuot be neglected, and the question of stability 
must be treated by a direct consideration of the action of the 
displaced liquid. 

Ex. A rectangular lamina rests in a liquid of tvnce its 
own density with two of its sides vertical, and is moveable in 
its own plane about the middle point of one of its vertical 
sides. 

The figure represents the lamina when slightly displaced 
through an angle AOB, (0), the point which is in the 
surface being tne middle point. 




Then if OA = a, and if the height = 26, 
the area A OB = ^ a*0 , 
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and, taking moments about 0, the equilibrium is stable 

HN being the vertical through H\ 

or, since 

if, 2a» > 36^ 



OJV=OG cos e~irGsin^ = |-|^, 



83. In the particular case in which the centre of gr 
of the body and the axis about which it is moveable a 
the surface of the liquid, a formula can be given, for 
determination of stability, analogous to that of Art. 6 



J^ JV 




Taking Oy as the axis, and V as the volume of disp" 
liquid. 

Loss of moment due to the displacement of H 

=^gpV,NN'=gpV.HN,0, 

and restorative moment due to the increase of the disp" 
liquid 

Al^ being the moment of inertia about Oy of the area o: 
plane of floatation ; 

. '. the equilibrium is stable, if Al? > V, HN. 
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In the general case of a horizontal axis, if 0', i, and N 
be the projections, on the plane of floatation, of 0, (?, and H, 
the test of stability is that 

gpAie-gpV.HN+ W. GL 

must be positive, with the condition, 

W.aL = gpV.O'N, 

AV being the moment of inertia, about Cfy, of the area of 
the plane of floatation. 

84-. The equilibritmi of bodies floating in two liquids. 

Suppose the body to be wholly immersed with the 
portion V of its volume in the upper liquid and V in the 

lower. 

Take the case in which the centres of gravity H, H\ of 
the liquids displaced by V and V\ and therefore the centre 
of gravity of the body, are in the same vertical. 

Displace the body through a small angle about an axis 
through G the centre of gravity of the section AGB of the 
body by the common surface of the liquids. 

The action then consists of a pressure gp'V^ acting 
upwards through M' the metacentre for the lower liquid, and 
of a pressure gpV SLCtiug upwards through M the metacentre 
for the upper liquid. 

If M be above and M' below 0, the equilibrium is 
stable, if 

gpV.OM>gp'V\GM\ 

or, observing that HM is measured downwards from iT, 

if pV, HG-pAk' > pV\ H'G - p'Ak\ 

or {p'^p)Ak^>p'V\H'G-'pV,HG, 

AJf being the moment of inertia of the area ACB about tJx% 
axis through C. 
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If K be the centre of gravity of the fluid displaced, L the 
resultant metacentre, and W the weight of the body, 

W. KL =gpV.KM-gp'V'. KM' 

= gp V{KH - HM) - gp'V'{KH' - H'M' 

^g{p'-p)Ai>, 

and the equilibrium is stable, if i is above 0. 

85. The preceding question may be also usefully treatec 
in the following manner. 

The body may be supposed to be completely immersed ii 
a Uquid of density p, and we can then imagine a liquid o 
density p —p superposed. 

Let E be the centre of gravity of the whole volum< 
F+ V\ so that (V+V').EO=V\H'G-V.HG. 

If the body be displaced through a small angle 6, the 
restorative moment is 

gip'-p)(Al^-V'.H'Q)-gp(V+ V').EQ, 

which by the above relation becomes 

g{p'-p)Al^-gp'r,H'Q+gpV.HQ, 

and the stability depends upon the sign of this expression. 

86. Stability of a body floating in heterogeneovs liquid. 

We shall consider only the case, in which the body is 
symmetrical with regard to the line HO so that this line 
passes through C, the centre of gravity of the water-section 
and contains the centre of gravity of all the strata of liquic 
displaced. 

The effect of this limitation is that a small displacemeni 
(0) about C, or about any point in HO, raises the centre oi 
gravity of any horizontal section through a height of the ordei 
^', and we can therefore employ the formulae of Arts. (65^ 
and (84). 
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87. Determination of the metacentre for a body floating 
in heterogeneous liquid, 

A liquid in which the density is a function of the depth, 
can be conceived as made up of a series of homogeneous 
liquids having successive descending surfaces, and the centre 
of gravity M of the whole mass U displaced, will be the 
centre of gravity of the aggregate of these liquids. 

Turning the body through a small angle 0, the vertical 
tilt of the centre of gravity of each portion will vary as 6\ 
and therefore the vertical tilt of H will vary as 6 . 

If E be the surface, p the density, and V the volume dis- 
placed of one of these liquids, and if h be the centre of gravity 
of F, then, as in Art. (70), 

h'l . F= eAi^, 

A being the area of the section E ; 

therefore H'L.U= Vi'l . Vp = dtpAF, 




Further, if if be the metacentre, 

and therefore HM . U = XpAif. 

This formula includes the case in which the solid bulges 
out below the water-section. 
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Taking CA as the axis of y, and considering the cas 
when the solid does not bulge out, 

lpAI(?^JfX(p)y'dady, 

the double integration extending over the water-section, an 
the summation of p down the vertical ordinate NP ; hence, 
p' be the density at P, 

HM. U^^JJpydxdy. 

88. If the floating body be a solid of revolution, havin 
its axis vertical, the formulae can be somewhat simplified. 

For, transferring to polar co-ordinates, 

n 

HM. Cr= 4 r fpV sin" 0drd0 

= I irpr^dr, 

Jo 

p being the density corresponding to the section of radius ^ 

Suppose, for example, that the density varies as t>] 
depth, and that the floating body is a cone, vertex dow 
wards. 

If A be the length of axis immersed, 

ij TTTi/r f****^* /L . X jij 7r/AA*tan*a 

U,HM=\ TTfi (h-r cot a) r^dr= -^^ — , 
Jo •^U 

and Z7=| 7rfiz(h — zytaji^adz=—-^, 

Jo iZ 

.-. ^Jlf=ptan»a. 
Also, if V be the vertex, 

.-. Flf=|Jiaee'ou 
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89. The following is another method of determining the 
stability or the instability of the equilibrium of a floating 
body*. 

Taking the case in which the body is symmetrical with 
regard to the vertical plane zx of displacement, let ACB 
be the plane of floatation, C being its centroid, and 
aCb the liquid-surface after the body has been turned about 
Gy through a small angle ^, Gx being horizontal and Cz 
vertical. 




Let X, y, z be co-ordinates of a point P in the surface 
^f the body, and let the vertical ordinate Pn meet the plane 
^*^ in n, and the plane ACB in iV, then 

JVn = a?^, and PN = z-\-x0. 

Let H' be the centre of gravity of ai)6, JBTof ADB, and Q 
^f the whole body. 

Then, V being the volume of liquid displaced, and HKy 
ti'K' perpendiculars on Gz^ 

V.H'K'^jjxzdydx,saidV.HK=jjx(z + x0)dydx; 



.-. V.HL^jja^edydx. 



* Arts. (89—92) were originally published in the Second Editloxi (J&^T\ 
Of this Treatisa 
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But, if the vertical through H' meet HQ in M, the 
metacentre, 



.'.V.HM 



= II a^dydx. 



IS 




and if HM be greater than HQ, 
the equilibrium is stable. 

The expression II a^dydx, h 

the moment of inertia of the plane 
area aCb about (7y, and is ulti- 
mately the same as that ot ACB about Cy. 

Hence, if A be the area ACB, the equation may be 

written 

V.HM = I(^A. 

90. This result may also be 
obtained by taking CA as axis of 
X, but the process is then some- 
what longer, as it becomes neces- 
sary to shew that, to the first order 
of small quantities, 

CK=CK\ 

This however is easily seen, for 

V.CK=jj^.zdydx, 

and V. CK' = jj| {z + x0) (z - x0) dy dx, 

Z — X0 being the portion of z below the surface in the displaced 
position ; 

.-. F KK*= \\ ^x^ff^dydx, which is of the second order. 

Again, we may give another form to the process by a 
direct investigation of the moment, about Gy, of the fluid 
pressure. 
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91. A body is jloating in equilihrixi/m in a liquid, of 
which the density is, at any point, a function of the depth of 
that point; it is required to find the condition of stability. 

Taking ACB as the plane of floatation, and aCb as the 
liquid-surface after displacement, let H' be the centre of 
gravity of the fluid displaced by aDb, 




Take the vertical through G as axis of z, and Ca as axis 
of X ; then if P be any point (x, y, z) within the body, and 
PI the perpendicular on GA, 

Pl = z cos + xsm0 

= z-\-xd ultimately. 

And if the density p =/ (the depth), the density at P 
before displacement 

=f{z-\-xe) 
=fiz)+xef(z), 

to the first order. 

Hence, if Uhe the mass of liquid displaced, 

U.HK= jjj {/(«) + xdf (z)}xdz dy duo. 



U . H'K' = jjf/ii) xdzdydx. 
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where / is the length, wP', of the ordinate nP produced to 
meet the surfiEtce of the body in P', 

By subtraction, we obtain 

U.HL^-jjf f(z)(€dzdydx-¥Jjf_ Bt^f {z)dzdydx. 

In the first integral z is less than xd, and therefore f(z) 
to the first order is equal to 

/(0)+^(0); 

the first integral then 

=/(0) jja^ddydx to the first order, 

and the second integral 

= 0Jj {/(/) -/(- xd)} a? dy dx. 

Further, /(- x0) =/(0) -xOf (0), 

and therefore U. HL = \\ a?f{z') dy dx, 

neglecting small quantities of the second order. 
But HL = . HM, and we thus obtain 

U.HM=IJa?/(j^)dydx, 

the integration extending over the plane of floatation. 

This result can also be obtained, as in the previous case, 
by taking CA as the axis of a?, or by directly investigating 
the moment of the fluid pressure about Cy, 

92. For the particular case of a solid of revolution, the 
following proof may be given. 

Take the vertex as origin, the axis of the body for 
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axis of z^ and Ox horizontal. Let PEi^ be a horizontal 
section, and PEQf a section through E inclined at a small 
angle to P^Q, 




Then if ^ be the angle between EP and the tangent 
at P, 

EP=^EP + EP.dcot<l>, 

and EQ^EQ-EQ.e cot <^, ultimately ; 

.-. FQ=PQ to the 1st order, 

and the area P'EQ' = that of PJSQ. 

UEhe the middle point of FQ\ 

EE = ^(EP'-EQ') = EP.e.cot<l> = x0cot^, 

In the position of displacement, let 
OL' be the perpendicular from upon the 
vertical through E ; 

then OL'=OE.e-hEE' 

=sz0 + x0 cot <^, 

and the moment about of the fluid 
pressure 

= %gpir(x?dz {z6 + xd cot <^} 




= j gep'jrd'i 



. + .g}d., where Oa=c. 



If the equilibrium be stable, this moment must be 
greater than 

W.OQ.e, 

W being the weight at the body. 
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Also 
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W.0H=^jgp7ra?zdz, 



and, if the line of action of the resultant fluid pressure me 
the axis in M, the moment = W . OM , ; 

.'. W . OM = igpTTO^ U+x -r-j dz ; 

re ^[^ 

and W . HM= I gpira? j- dz, 




fa 



= I gpira?dxy if CA = a, 



remembering that p is a function of z and therefore of x, 

93. To find the condition of stability when a body, floati 
in heterogeneous liquid, is wholly immersed. 

In the position of equilibrium, let OH, measured ver 
cally downwards, be the axis of z, and suppose that the bo 
is displaced through the small angle about the horizon 
axis Oy, the body carrying with it the axes Ox and Oz, 

In the position of displacement, let ff be the projecti( 
on the plane zx, of the centre of gravity of the displac 
liquid, and H'K' the distance of H' from the vertical pla 
through Oy. 

Then, if x, y, z are the co-ordinates of a point P of t 
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body, the co-ordinates of the same point, referred to the 
original positions of the axes, are 

x^z0f y, z-\-x6. 

Taking c as the depth of Q below the surface, and/(c + z) 
as the density at P of the displaced liquid in the position of 
equilibrium, the density at P in the position of displacement 
\&f{c-{-z-\'X0). 

The mass of liquid now displaced 

= j I j f{c + z + w6) dz dy dx, 

= U+ e [[[«/ (c + z) dz dy dx, 

f'' being equal to the mass of liquid displaced in the position 
of equilibrium, and therefore equal to the mass of the body. 

The mass of liquid displaced will therefore remain un- 
changed if 

' / / 1^' ^^ + z)dzdydx = 0, 

a condition which is satisfied if the body is symmetrical with 
respect to the plane yz. 

To this case we shall confine our attention. We there- 
fore obtain the equations ; 

U.H'K'=-jjj(x-ze)f{c + z + xd)dzdydx, 
U . QK = [[[(z + xe)f(c + z-^x0) dz dy dx, 

U .y= llly/(c + z-¥x0)dzdydx, 

y being the distance from the plane zx of the centre of 
gravity of the displaced liquid. 

Observing that H is in the axis of z, and that, if the 
vertical through H' meet HO produced in M, H'K' = OM. 6, 
we obtain 
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or 



U,HM=jjjx^f{c + z)dzdydx, 
1 1 1 zxf (c + z) dz dy dx. 



U.GK'=U.GH+0 

and ^•V'^^ III ^f (^ + ^ dzdydx. 

As we have taken the body to be symmetrical with 
regard to the plane yz, it follows that the vertical displace- 
ment of Hy and also the horizontal displacement parallel to 
Oyy i.e. y, are each small quantities of the second order. 

Hence it follows that the position of the metacentre is 
given by the equation, 

U.HM=jjja^f(c + z)dzdyd(v, 

the integration extending over the whole of the body. 

94. If the floating body is a right circular cylinder, 
of height 2h and radius a, and having its axis vertical, we 
obtain 

U.HM = (p^^p^)jja^dydx = (p^'-po)'^, 

where p^ and p^ are the densities at the ends of the cylinder ; 
but if a is the density of the cylinder, 

Z7= iira^ha, and .*. Sah . HM = (p^ — p^) a'. 

For another example consider the case of the same 
cylinder floating, with its axis horizontal, in a liquid the 
density of which varies as the depth, and suppose the 
cylinder to be tilted round the central horizontal diameter. 

In this case, if p = ytt (c + z), 

U.HM=jp^dV = 2J p^TraJ'dx = ^irfial'h' ; 
also 

U=j /I (c + z) dV= 4/LtA (c 4- «) Ja^—2^dz=2iriikca\ 
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and U . 0H= I fi(fi + z)zdV==^Trfiha^, 

78 18 _8 

80 that HM = '^, and OM = f: — -:-. 

3c 3c 4c 



EXAMPLES. 

1. An inverted vessel formed of a substance which is 
heavier than water contains enough air to make it float; 
prove that, if it be pushed down through a certain space, it 
will be in a position of equilibrium which for vertical dis- 
placement will be unstable. 

2. If a solid paraboloid, bounded by a plane perpen- 
dicular to its axis, float with its axis vertical and vertex 
immersed, the height of the metacentre above the centre of 
gravity of the displaced liquid is equal to half the latus 
rectum. 

3. A cone, whose vertical angle is 60°, floats in water 
with its axis vertical and vertex downwards; shew that its 
metacentre lies in the plane of floatation; and that its equili- 
brium will be stable provided its specific gravity > f|. 

4. An isosceles wedge floats with its base horizontal, 
and its edge immersed ; shew that the equilibrium is stable 
for displacements in a plane .perpendicular to the edge, if the 
ratio of the density of the wedge to that of the fluid is greater 
than the ratio (cos a)* : 1, 2a being the angle of the wedge. 

5. A closed cylindrical vessel, quarter-filled with ice, is 
placed floating in water with its axis vertical ; the weight of 
the vessel is one-fourth of the weight of the water which it 
can contain; examine the nature of the equilibrium before 
and after the ice melts, neglecting the change of volume 
consequent on the change of temperature. 

6. A solid ID the shape of a double con^ \iavxsA'^^ Xyj 
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two equal circular ends floats in a liquid of twice its density 
with its axis horizontal : prove that the equilibrium is stable 
or unstable according as the semiverticaJ angle is less or 
greater than 60°. 

7. The cross section of a cylindrical ship is two equal 
arcs of equal parabolas of latus rectum I which touch at the 
keel, the common vertex of the two parabolas, so that the 
sides of the ship are concave to the water. The ship is 
floating upright with its keel at a depth h. Prove that the 
height of the metacentre above the keel is 




8. Find a solid of revolution such that, when a segment 
of it is immersed in liquid, the distance between the centre 
of buoyancy and the metacentre may be constant, whatever 
be the height of the segment. 

9. Water rests upon mercury, and a cone is too heavy to 
rest without its vertex penetrating the mercury; find the 
density of the cone that the equilibrium may be stable. 

10. If the floating solid be a cylinder, with its axis verti- 
cal, the ratio of whose specific gravity to that of the fluid is er, 
prove that the equilibrium will be stable, if the ratio of the 

radius of the base to the height be greater than {2a (1 — <r)}*. 

11. A paraboloidal uniform shell floats with it's axis 
vertical and | immersed in water when filled to a depth J of 
its axis with a fluid of density 5. Shew that the equilibrium 
is stable. 

12. A vessel in the form of a paraboloid of revolution 
contains water, and rests with its vertex on the highest point 
of a fixed rough sphere ; find the condition that the equili- 
brium may be stable. 

13. If a cylindrical shell without weight contain liquid 
and float in another liquid, shew that the equilibrium will 
be stable, unless the ratio o£ t\ie deri«v\.>j ^f the internal 
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) the external fluid is less than unity, and greater than 
alf the duplicate ratio of the radius of the cylinder to 
le depth of the internal fluid. 

14. A hemispherical shell, containing liquid, is placed 
n the vertex of a fixed rough sphere of twice its diameter ; 
rove that the equilibrium will be stable or unstable, as 
be weight of the shell is greater or less than twice the 
'eight of the liquid. 

15. A solid of revolution floats with its vertex down- 
wards, determine its form when the position of the meta- 
Bntre is independent of the density of the liquid. 

16. A conical shell, vertex downwards, floats in unstable 
quilibrium; how much water must be poured in to make 
be equilibrium stable? 

17. A solid cone is placed in a liquid with its axis 
ertical, and with its vertex downwards and resting on the 
•ase of the vessel containing the liquid. If the depth of 
he liquid be half the height of the cone, and its density 
our times the density of the cone, prove that the equi- 
ibrium will be stable if the vertical angle of the cone 
ixceeds 120°. 

Replacing the solid cone by a thin conical shell of the 
ame height, of vertical angle 60°, containing liquid, up to 
he level of the middle point of its axis, of half the density 
►f the liquid outside, prove that the equilibrium will be 
table if the weight of the shell be less than three-fourths 
►f the weight of the liquid inside. 

18. A cylindrical vessel, the weight of which may be 
leglected, contains water, and the vessel is placed on the 
rertex of a fixed rough sphere with the centre of its base in 
5ontact with the sphere. Find the condition of stability for 
nfinitesimal displacements, and prove that, if the equilibrium 
ye neutral for such displacements, it will be unstable for 
;mall finite displacements. 

19. Find the form of a solid of revolution floating with, 
ts axis vertical^ and such that the distances oi tJti^ ixifcXaxyeoXx^b 
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and the centre of buoyancy from the lowest end of the solid 
may be in a constant ratio whatever be the density of the 
liquid. 

20. A semicircular cylinder rests with its axis vertical in 
a liquid of twice its own density ; if it be moveable about 
the line of intersection of its vertical plane fiEice with the 
surface, find the condition of stability. 

21. A right circular cone floats with its axis horizontal 
in a liquid the density of which is double that of the cone, 
the vertex being attached to a fixed point in the surface 
of the liquid ; prove that for stability the vertical angle must 
be less than 120°. 

22. A cylindrical vessel is moveable about a horizontal 
axis passing through its centre of gravity, and is placed so as 
to have its axis vertical ; if water be poured in, shew that 
the equilibrium is at first unstable ; and find the condition 
which must be satisfied, in order that it may be possible to 
make the equilibrium stable by pouring in enough water. 

23. A thin conical vessel of given weight is moveable 
about a diameter of its base, which is horizontal, and is partly 
filled with a heavy fluid ; shew that the equilibrium is sJways 
stable if the semivertical angle of the cone is < 30° ; and if 
it be greater than this, determine when the equilibrium is 
stable or unstable. 

24. Water is contained in a vessel having a horizontal 
base, and a paraboloid whose specific gravity is four-ninths 
that of water, and the length of whose axis is to the latus 
rectum as nine to eight, is supported partly by the fluid and 
partly by the base on which the vertex rests ; find the least 
depth of the fluid for which the equilibrium is stable. 

25. A parabolical cup, the weight of which is TT, stand- 
ing on a horizontal table, contains a quantity of water, the 
weight of which i^nW \ \ih\i^ the height of the centre of 
gravity of the cup and the contained water, the equilibrium 
will be stable provided the latus rectum of the parabola be 

>2(u-\-lMi. 
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26. A solid of revolution floats with its axis vertical, and 
i sunk to different depths by placing weights at a fixed 
loint on its axis. 

Find the form of the solid that the equilibrium may 
Iways be neutral. 

27. A solid cone whose axis is vertical and vertex down- 
wards is moveable about an axis coincident with a generating 
ine ; to what depth must the system be immersed in water, 
D order that the equilibrium of the cone may be stable ? 

28. A solid of cork bounded by the surface generated 
>y the revolution of a quadrant of an ellipse about the axis 
Qajor sinks in mercury up to the focus. If the equilibrium 
16 neutral for small angular displacements, prove that 

2e* + 4e' + 2e'-e-2 = 0. 

29. A solid cone, whose vertical angle 2a is less than 
O'', is moveable about a smooth straight wire through its 
entre of gravity perpendicular to its axis. If the wire is 
leld in the surface of a liquid, prove that the cone will be 
Q a position of stable equilibrium when its axis is inclined 

the horizon at the angle sin"^ (2 sin a). 

30. Prove that the work done in turning a floating body 

1 a plane of symmetry through a small angle round its 
entre of gravity is ^gp(A/(^ + Ab^ — cV)0*, where c is the 
istance between the centres of gravity of the body and the 
quid displaced, and b is the horizontal distance between the 
entre of gravity of the body and that of the area of the 
lane of floatation. 

31. A paraboloidal cup whose latus rectum is 4a and 
rhose centre of mass is at a distance from the vertex equal 
2a, floats in two liquids of densities <r and p (a>p); prove 
hiat the work required to turn the body through a small 
ngle about a horizontal axis is 

fTTogr^ {h' (a--p) + (h + hj p}, 

rhere h, K are the lengths of the axis immersed in the fluids 
nd g is the acceleration due to gravity. 
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32. A right-angled isosceles triangle floats vertex down- 
wards in a fluid with its base horizontal and ^ of its area 
immersed, so that its centre of gravity and metacentre coin- 
cide. Determine whether the equilibrium is really stable or 
unstable. 

33. A solid in the form of a paraboloid of revolution 
floats with its axis vertical ; if the centre of inertia coincides 
with the metacentre, prove that the equilibrium is stable. 

34. The solid formed by a portion of cy^ ^z{a^ — a^) cut 
off by a plane parallel to that of ay floats in a fluid of n 
times its density ; prove that, if it is in neutral equilibrium 
for small angular displacements in any vertical plane, 

35. An isosceles triangular lamina ABC floats with its 
base AB horizontal, and above the surface, in a liquid, the 
density of which varies as the depth : if A be the depth of G 
below the surface, the height of the metacentre above G is 

^h sec* -^ . 

36. An elliptic lamina floats half immersed, with its 
transverse axis (2a) vertical, in a liquid, the density of which 
varies as the square of the depth ; prove that the depth of 
the metacentre is S2ae^/15'7r, e being the eccentricity. 

37. A right circular cylinder of radius a rests in a liquid 
with its axis vertical and a length c immersed. The density 
at a depth z being <^ (z), shew that the depth of the meta- 
centre is 



/ 

J { 



'^ a" 



z(f>(z)dz--^(f>(c) 



<!> (z) dz 



I' 

Jo 

38. A paraboloid of revolution floats with its axis 
vertical and vertex downwards in a liquid, the density of 
which varies as the depth- the e(\viilibrium will be stable 
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or unstable, according as 4c is less or greater than 3 (m + a), 
where c is the length of the axis, a the length immersed, and 
m the latus rectum of the generating parabola. 

39. A prolate spheroid floats half immersed, with its 
axis vertical, in a liquid, the density of which varies as the 
square of the depth ; the height of the metacentre above the 
surface is 

, a» - 6» 

40. A solid paraboloid of revolution floats with its axis 
vertical, vertex aownwards, and focus in the surface of a 
liquid, the density of which at the depth z is fi(a-\'z), ^a 
being the latus rectum of the generating parabola; prove 
that the distance of the metacentre from the vertex is ^ a. 

41. A homogeneous cone floats with its vertex down- 
wards in a liquid whose density varies as the square of the 
depth ; if the density of the cone be equal to that of the 
liquid at a depth equal to a fifth of the height of the cone, 
the vertical angle, when the equilibrium is neutral, is given 
by the equation, 

cos'a = f(f)* 

42. A solid paraboloid of height h and latus rectum 4a, 
is in equilibrium in a vertical position, with its vertex down- 
wards, and is moveable about its vertex, which is fixed at a 
given depth c below the surface of a liquid, the density of 
which varies as the depth; prove that the equilibrium is 
stable if the ratio of the density of the paraboloid to the 
density of the liquid at the depth of its vertex is less than 
the ratio of c' + 4ac' to 4A.^ 

43. A right circular solid cone floats, wholly immersed, 
with its vertex upwards and axis vertical, in a liquid the 
density of which varies as the depth. If h is the height 
of the cone, and h the depth of its vertex below the surface, 
the distance of the metacentre from the vertex is equal to 

66 + 3A 
^''•46 + 3/t- 
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OSCILLATIONS OF FLOATING BODIES. 



95. A HEAVY body which is floating in liquid in a posi- 
tion of stable equilibrium, will, if slightly displaced from that 
position, make small vertical and angular oscillations; we 
proceed to consider, in a simple case, the laws of these oscil- 
lations. We shall suppose that the body is symmetrical with, 
regard to a vertical plane through its centre, and that the 
initial displacement is parallel to this plane. 

It is evident that the subsequent motions of all points of 
the body will be parallel to this plane, and if the equilibrium 
be stable, that the motion will consist of small vertical and 
angular oscillations. 

First, let the vertical line through G and H (CED) pasB 
through the centre of gravity of the plane of floatation. 
When this is the case we can consider the vertical and 
angular displacements independently of each other. 
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Suppose a small vertical displacement ; then the portion 
CE of the body which is raised out of the fluid may be con- 
sidered as a thin cylinder. 

Let CE = z, then EQ^GG- z, and 

the force downwards on the body = the weight of the 
body — the weight of the fluid displaced 

= gpA.z, 
if A be the area of the plane of floatation ; 

dl'.EG . 

••• ra—^^-^gpAz, 

w being the mass of the body. 

But mg = the weight of fluid displaced 
= 9pVyV being the volume CD; 



d^z 



-h^-O, 



is the equation which determines the motion. 
The time of a complete oscillation is therefore 

96. Next suppose a small angular displacement (a) about 
(7, then G is raised through a space which depends on a^, and 
therefore may be neglected in comparison with quantities 
depending upon a, and if the body, supposed at rest, be 
then left to itself, it will (on the supposition that the equi- 
librium is stable) oscillate about a hoiizontal axis through G. 

It would in fact come to the same thing if the initial 
displacement were about G, as the point C would move 
sensibly (that is, considering small quantities of the first 
order only,) in a horizontal direction, and the quantity of 
fluid displaced would, as before, remain unchanged. 

If M be the metacentre, the moment of the fluid pressure 
about G 

= gpV,MG.m^.Qy 
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and tends to diminish 0, the angle made by QH with the 
vertical at the time t 

But ifG^ = ^-a; i£HO = a, 

therefore, since the horizontal axis through G is a principaL 
axis, we have 

neglecting higher powers of 0, where mK^ is the momen^-t; 
of inertia of the body about the horizontal axis through Q, 

cP0 /¥A 



or 



^¥+K^-")'='' 



ttK 



an equation which, when I^A > aV, that is, when M is above 
G, indicates small oscillations taking place in the time 

\/\g(lfA-aV)\- 

If is below H the sign of a will of course be changed 

It will be seen that the criterion of stability is deducible 
from the result just obtained ; it is an obvious condition for 
an oscillation that I(^A —aV must be a positive quantity. 

97. Secondly, when the line joining H and Q docs 
not pass through C, the two motions are not independent, 
but the law which defines these motions can be determined 
as follows. 




'it! 



f 



I 

at 

i 
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Suppose the body to be slightly displaced in the vertical 
plane of symmetry, and then left to itself ; and at the time t 
let be the angle made by HG with the vertical, and z = GE 
the depth of G below the surface. 

Let HQ meet the plane of floatation in D, 

J5r© = a, CD = 6, DO = c, 

and other symbols as before. 

Then the depth oi O = z + bsm0 + ccos0 

= z + b0 + c, to the order considered. 

The weight of the fluid displaced is the weight of a 
Volume of fluid equal to 

aFb + EG, or AFB+EG; 

this weight =gpV+gpAz, 

cP 
and /. m ^{z + c •\'hd) = mg " (gpV+ gpAz) 

=:-gpAz; 

Another equation is to be obtained from the consideration 
of the angular motion about the horizontal axis through (?, 
which is a principal axis, perpendicular to the plane of dis- 
placement. 

The moment of the fluid pressure about may be divided 
into two parts, the one due to the portion aFb, and the other 
to the portion EG of the fluid displaced. 

The former part of the fluid pressure =gpV acting 
upwards through M the metacentre ; and the latter = gpAz, 
and may be considered to act through G the centre of gravity 
of the plane of floatation. 

The moment, in the direction tending to diminish 0, 

=gpV, GM sin — gpAz (b cos — csin0) 

=gp (1(^A ^aV)0- gpAz (b - c0) 

= gp (Ic'A -aV)0- gpAhz, 
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neglecting the product of z and d ; 

.'. mE? ^ = - gp (k^A - aV) 6 + gpAbz, 
^d^e f¥A \. A . 

From the equations (I) and (II) we obtain 

d?e gAb g fk*A N._ 

which may be written 

+ rz — bn0 = 0, 

To integrate these equations, multiply the secon 
and add it to the first, then, 

Xn — bn \ 
assuming 



rb — Xp^b 

we have ^ ^(z+X0) + (r- -^j (z + Xd) = 

and, if \, \ be the roots of (III), 

^ + \^= O^cosjy r-\i|^ + aiL 

z + X^0 = C^cos\/)Jr-X^^t + cd, 

from which z and 6 are completely determined. 

The depth of G is given by an expression of the f 
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and its motion consists of two distinct oscillations, each 
following the pendulum laws, and compounded together in 
accordance with the principle of the coexistence of small 
oscillations*. 

It may be observed that if two points be taken in the 
line AB, whose distances from C in the direction CD are 
\, \ then at the time t, the vertical depths of these points 
are 2: H- \0 and z + \0, that is, are 

Cjcosjy r-\|* + al,and C^jCos |y r-\,|e + aj, 

and their vertical motions are therefore simple oscillations 
following the pendulum law. This remark is quoted by 
Ihihamel {Cours de MA^nique, Art. 152) as due to M. 
Gauchy. 



EXAMPLES. 

1. A straight rod is dropped vertically from a given 
lieiffht above the^surface of water ; determine its motion and 
find the condition that it may be only just immersed. 

2. A vertical cylinder of height h floats in a liquid of 
twice its own density contained in a cylindrical vessel. If 
the radius of the vessel be double that of the cylinder, and 
the cylinder be slightly displaced in a vertical direction, prove 

that the time of an oscillation is 7rV3A/2^. 

3. A solid, the lower portion of whose surface is spheri- 
cal, floats in a heavy fluid ; shew that the time of a small 
angular oscillation is the same in whatever fluid it floats. 

4. A hollow hemisphere moveable about a horizontal 
diameter is partly filled with fluid ; shew that the time of a 
small oscillation is the same as if there were no fluid in it. 

* PoiB8on*8 Cours de Mccaniqtie, kd. ^\^. 
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5. A solid ellipsoid floats in a liquid of twice its o 
specific gravity with its shortest axis vertical ; find the ti: 
of a small vertical oscillation, and also the times of sm 
angular oscillations about the two horizontal axes. 

6. A cube (the length of whose edge is 2a) is floating 
a fluid with its centre of gravity at a depth c below 1 
surface ; if it receive a small displacement so that two of 
faces remain vertical, shew that the times of its small verti 
and angular oscillations are 



TT 



^(£±f) and 2,r ^ |^i^^| , respectively. 



7. A cylinder makes vertical oscillations in a liqi 
contained in another cylinder, the radius of which is n tin 
that of the former ; shew that the depth of the axis immers 
when in a position of rest is 

where t is the time of a complete oscillation. 

8. A candle of density p floats vertically in still wa 
of density a. It is lighted and the flame is observed 
descend towards the water with uniform velocity u, and 1 
velocity with which the candle bums is v : prove that 

v (<r — />) = au. 

Prove also, that if the flame be extinguished when 
length I of candle remains, the candle will rise out of i 

water if v be > '^clg/p ; but if z; be < "^alg/p the time of 

oscillation will be = 27r ^pljag, 

9. A right cone is floating with its axis vertical a 

vertex downwards in a fluid, and - th part of the axis is i 

n 

mersed ; a weight equal to the weight of the cone is plac 
on the base, upon which the cone sinks till its axis is tota 
immersed, before rising, shew that 
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10. A cone of vertical angle 2a floats in a cylinder of 
radius a with a length h of its axis immersed. If it be 
pushed vertically downwards through a small space, shew 
that the time of an oscillation is 



v^ 



— A"tan*a)A 



3aV 



11. A vessel, in the form of a paraboloid of revolution 
with its axis vertical, contains a quantity of liquid equal in 
volume to that of a segment of a paraboloid, of the same 
latus rectum, floating in it: if this be raised till its vertex 
is just on the surface, and if it then sink to a depth equal 
to 3/4 of its axis before returning, prove that the density of 
the Uquid : that of the paraboloid : : 48 : 7. 

12. A solid cone, of given vertical angle, is supported 
on an axis, about which it is moveable, coincident with a 
diameter of its base ; if the axis be held horizontally, and 
lowered until one-eighth of the volume of the cone, vertex 
downwards, is immersed in homogeneous liquid, find the 
ratio of the densities of the liquid and cone, when the 
equilibrium is neutral. 

If, in the previous case, the axis be not lowered so far as 
to make the equilibrium neutral, and the cone be then 
slightly displaced, find the time of a small oscillation. 

13. An oblate spheroid is completely immersed in two 
fluids, the specific gravity of the lower being twice that of 
the upper fluid, and floats with its axis vertical, and its 
centre in the common surface of the fluids. 

Supposing a small displacement to take place, 1st, in a 
vertical direction, 2ndly, about a horizontal line through its 
centre of gravity, shew that the times of the small oscillations 
will be respectively 

where a and b are the sen^-axes of t\ie gener^AAXi'g^ ^v^'sife. 
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14. A homogeneous solid floats completely immersed in 
a liquid, the density of which varies as the depth, with its 
centre of gravity at a depth k ; prove that the time of a small 

vertical oscillation is 27r VA/^r. 

15. A lamina of uniform thickness, in the form of an 
isosceles right-angled triangle, has one of the acute angles 
fixed below the surface of a fluid, and rests with the side 
which is not immersed horizontal. Prove that the time of a 
small oscillation in its own plane is 

27rV^ 
where a is the length of each of the sides of the triangle. 

16. A solid generated by the revolution of the curve, 

--1 
yocx^ , about the axis of a?, floats with a portion h of the 

1 
axis immersed ; if the solid be depressed through {n^-^ — 1) A, 
it will, on its return, just emerge. 

17. A solid of revolution of mass m floats in different 
liquids. If the time of vertical oscillation in any liquid and 
its density p are found to be connected by the equation 

/ denoting a given function, shew that the equation to the 
meridian section of the solid is 

27rm' / \ (dy „ ( g'f\ 



9 
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CHAPTER VII. 



PEESSURE OF THE ATMOSPHERE. 

98. If a glass tube, about three feet in length, having 
one end closed, be filled with mercury, and then inverted in 
a vessel of mercury so as to immerse its open end, it will be 
found that the mercury will descend in the tube, and rest 
with its upper surface at a height of about 29 inches above 
the surface of the mercury in the vessel: this experiment, 
first made by Torricelli, has suggested the use of the 
Barometer, for the purpose of measuring the atmospheric 
pressure. 

The Barometer, in its simplest form, is a straight glass 
tube AB, containing mercury, and having its 
lower end immersed in a small cistern of mer- 
cury; the end A is hermetically sealed, and 
there is no air in the branch AB. -^^ 

It is found that the height of the surface P 
of the mercury above the surface G is about 
29 inches, and, as there is no pressure on the 
surfece P, it is clear that the pressure of the 
air on (7 is the force which sustains the column 
of mercury PQ, 

We have shewn that the pressure of a fluid \ 

at rest is the same at all points of the same K 

horizontal plane ; hence the pressure at G is wtf^^ 
equal to the pressure of the mercury at Q. 

Let cr be the density of mercury, and IT the atmospheric 
pressure at G, then 

n = 5ro-PQ, 

^d the height PQ measures the atmosTgiiem ^xe^'ssw.x^. 



^0 
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On account of its great density, mercury is the most con- 
venient fluid which can be employed in the construction of 
barometers, but the pressure of the air may be measured by 
using any kind of liquid. The density of mercury is about 
13*568 times that of water, and therefore the height of the 
column of water in the water-barometer would be about 
33| feet. 

The density of mercury changes with the temperature, 
and a must therefore be expressed as a function of the 
temperature. 

Experiment shews that, for an increase of 1" centigrade, 

the expansion of mercury is ^ th of its volume ; hence 

if (Tt be the density at a temperature f, and o-,, at a tempera- 
ture 0^ 

= ""' (^ "^ 5^) = ^^ (^ + -000180180 ; 

.-. (rt = (T, (l-Ot) if ^ = -00018018, 

and U=ga,{l'-0t)PQ. 

By means of the formula, T[=gao(l '-'0t)h, the atmo- 
spheric pressure at any place can be calculated, making due 
allowance for the change in the value of g consequent on a 
change of latitude. It is found that this pressure is variable 
at the same place, with or without changes of temperature, 
and that in ascending mountains, or in any way rising above 
the level of the place, the pressure dimmishes. This is in 
accordance with the theory of the equilibrium of fluids, for, 
in ascending, the height of the column of air above the 
barometer is diminished, and the pressure of the air upon 0, 
which is equal to the weight of the superincumbent column 
of air, is therefore diminished, and the mercury must descend 
in the tube. 

If then a relation be found between the height of the 

mercury and the height through which an ascent has been 

made, it is clear that by observations, at the same time, of 

the barometric columns at two stations, we shall be able to 

determine the diflerence of tYieix a\\i\\.\)Ld^'&. 
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We shall investigate a formula for this purpose ; but it is 
first necessary to state the laws which regulate the pressures 
of the air and gases at different temperatures, and also the 
laws of the mixture of gases. 

99. We have before stated the relation 

p = kp(l+at) 

between the pressure, density, and temperature of an elastic 
fluid : it is deduced from the two following results of experi- 
ment : 

(1) If the temperature be constant, the pressure of air 
varies inversely as its volume. (Boyle's Law.) 

(2) If the pressure remain constant, an increase of tem- 
perature of VC, produces in a mass of air an expansion 
003665 of its volume at (fC. {Dalton's and Gay-Lussac's 
Law.) 

Hence, if j? be the pressure and p^ the density of air, at 
a temperature zero, 

p = kp,. 

Suppose now the temperature increased to t, the pressure 
remaining the same : the conception of this may be assisted 
by considering the air to be contained in a cylinder in which 
a moveable piston fits closely, and has applied to it a con- 
stant force, so that an increase of the elastic force of the air 
would have the effect of pushing out the piston, until the 
equilibrium is restored by the diminution of density, and 
consequent diminution of pressure : we shall then have from 
the 2nd law, 

p, = p{l + (xt), 

taking p as the new density and a = '003665 ; 

.\p — kp(l ■{■at). 

I{p\ p be the pressure and density of the same fluid at a 
temperature If, 

p'=:kp'(l + at'), 

p /o 1 -f at 
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The quantity a is very nearly the same for gases of all 
kinds, but k has different values for different gases, and must 
of course be determined experimentally in every case*. 

Absolute Temperature. 

100. If we imagine the temperature of a gas lowered 
until its pressure vanishes, without any change of volume, 
we arrive at what is called the absolute zero of temperature, 
and absolute temperature is measured from this point 

Assuming t^ to represent this temperature on the centi- 
grade thermometer, we obtain, from the equation 1 + a^= 0, 

^=--=-273^. 
° a 

In Fahrenheit's scale the reading for absolute zero is 
- 459^ 

The equations, p=kp(l + at), 

= A:/>(l4aO, 
lead to p = kpa (t — 1^\ 

= kpaT, 

if T be the absolute temperature. 

Since pVis constant, it follows that pV/Tis constant, 
this law expresses, in the absolute scale, the relation betweei 
pressure, volume, and temperatura 

Hie pressv/re of a miosture of different elastic fluids. 

101. Consider two different gases, contained in vessels of 
which the volumes are V and V\ and let their pressures and 
temperatures, p and t, be the same. 

Let a communication be established between the two 
vessels, or transfer both the gases to a closed vessel, the 
volume of which is V+V^: it is found in the case in which 
no chemical action takes place, that the two gases do no^ 

-^ •^'^a of determining the value of a are described in Deschane] 

— i^+M and edited \>^ ^toteaiBot "^q^cft^. 
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remain separate, but permeate each other until they are 
completely mixed, and that, when equilibrium is attained, 
the pressure and temperature are the same as before. From 
this important experimental fact we can deduce the following 
proposition. 

If two gases having the same temperature be mixed together 
in a vessel, the volume of which is V, and if the pressure of the 
two gases, alone filling the volume V, be p and p', tiie pressure 
of the mixture will 6e p + p'. 

Suppose the two gases separated; let the gas, of which 
the pressure is p, have its volume changed, without any 
alteration of temperature, until its pressure becomes p' ; its 
Volume will be, by Marriotte's law, pV/p\ 

Let the two gases be now mixed in a vessel, of which the 
^olid content is 

p p 

t:he pressure of the mixture will still be p\ and the tempera- 
'ture will be unaltered. If the mixture be then compressed 
into a volume V, its pressure will become, by the application 
^ain of Marriotte's law, p + p'. 

This result is obviously true for a mixture of any number 
^f gases. 

102. Two volumes V, V of different gases, at pressures 
p, p' respectively are mixed together, so that the volume of the 
mixture is IT ; to find the pressure of the mixture. 

The pressures of the two gases, reduced to the volume U, 
are respectively 

V V , 

and therefore, by the preceding article, the pressure of the 
mixture is 

and if «r be this pressure, we have 
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If the absolute temperatures of the gases before mixture 
are T and T\ and if after mixture the absolute temperature 
is T, and the volume U, the pressures of the gases will be 
respectively 

Hence «r, the pressure of the mixture, is the sum of these 
two quantities, and therefore 

T " f "*■ r • 

In the case of the mixture of any number of gases, we have 

T "^ f ' 

103. The laws and results of the preceding articles are 
equally true of vapours, the only diflference between the 
mechanical qualities of vapours and gases, irrespective of 
their chemical characteristics, being that the former are 
easily condensed into liquid by lowering the temperature, 
while the latter can only be condensed by the application 
either of great pressure or extreme cold, or of a combination 
of both*. 

104. If water be introduced into a space containing dry 
air, vapour is immediately formed, and it is found that the 
pressure and density of the vapour are dependent only on the 
temperature, and are quite independent of the density of the 
air, and indeed are exactly the same if the air be removed. 
If the temperature be increased or the space enlarged, an 
additional quantity of vapour will be formed, but if the 
temperature be lowered or the space diminished, some portion 
of the vapour will be condensed. 

* Professor Faraday succeeded in condensing carbonic acid gas, and other 
gases requiring a considerable pressure for the purpose, and the result of his 
experiments led to the conclusion that, in all probability, all gases are the 
vapours of liquids. This conclusion was remarkably supported in 1877, 
when M. Pictet, in the early part of the year, liquefied oxygen by applying 
to it a pressure of 300 atmospheres, and, in December of the same year, 
M, CaiUetet Uque&ed nitrogen, hydrogen, and atmospheric air. 
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While a sufficient quantity of water remains, as a source 
from which vapour is supplied, the space will be always 
saturated with vapour, that is, there will be as much vapour 
as the temperature admits of; but if the temperature be so 
raised that all the water is turned into vapour, then for that, 
and all higher temperatures, the pressure of the vapour will 
follow the same law as the pressure of the air. 

In any case, whether the space be saturated or not, if p 
be the pressure of the air, and «r of the vapour, the pressure 
of the mixture isp+xa. 

105. The atmosphere always contains aqueous vapour, 
the quantity being greater or less at different times ; if any 
portion of the space occupied by the atmosphere be saturated 
with vapour, that is, if the density of the vapour be as great 
as it can be for the temperature, then any reduction of 
temperature will produce condensation of sorne portion of 
the vapour, but if the density of the vapour be not at its 
maximum for that temperature, no condensation will take 
place until the temperature is lowered below the point cor- 
responding to the saturation of the space. 

Formation of Dew. If any surface, in contact with the 
atmosphere, be cooled down below the temperature corre- 
sponding to the saturation of the space near it, condensation 
of the aqueous vapour will ensue, and the condensed vapour 
will be deposited in the form of dew upon the surface. The 
formation of dew on the ground depends therefore on the 
cooling of its surface, and this is in general greater and more 
quickly effected, when the sky is free from clouds, and when, 
consequently, the loss of heat by radiation is greater than 
under other circumstances. 

The Dew Point is the temperature at which dew first 
begins to be formed, and must be determined by actual 
observation. 

The pressure of vapour corresponding to its saturating 
densities for different temperatures must also be determined 
experimentally, and, if this be effected, an observation of the 
dew point at once determines the ptesaxxte o^ \\ife N^^^xix Skl 
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the atmosphere, For if t' be the dew point, and p' the known 
corresponding pressure, then at any other temperature t above 
l! the pressure p is given by the equation 

p 1 + at 

106. Effect of compression or dilatation on the pressure 
and temperature of a gas. 

It is found by experiment that if a quantity of air, 
enclosed in a vessel impervious to heat, be compressed, its 
temperature is raised ; and that, if a quantity of air, enclosed 
in any kind of vessel, be suddenly compressed, so that there 
is no time for the heat to escape, the temperature is similarly 
raised. 

107. Thermal capacity. 

* 

The thermal capacity of a body is measured by the 
amount of heat required to raise the temperature one degree. 

The unit of heat which is actually employed is th^ 
quantity of heat required to increase by one degree on^ 
unit of mass of water, supposed to be between 0*0. and. 
40" C. 

Specific Heat 

The specific heat of a body is the thermal capacity of one 
unit of mass, or, which is the same thing, it is the ratio of the 
amount of heat required to increase by 1° the temperature of 
the body to the amount of heat required to increase by V the 
temperature of an equal weight of water. 

If an amount of heat dQ produce in the unit of mass a 
change of temperature dt^ the measure of the specific heat 

is^ 

'^ dt' 



In gases it is necessary to consider two cases ; (1) when 
the pressure remains constant, the gas being allowed to 
expand, (2) when the volume temains constant. 



11 
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We shall denote the specific heat in these two cases by 
the symbols c^ and c,. 

It i^ easy to see that c^ is greater than c,, for in the first 
case the heat imparted does work in expanding the gas as 
well as in raising its temperature. 

108. To determine the effect of a compression or a dila- 
tation of a given quantity of gas, it is clear to begin with 
that the heat required will be a function of v, p, and T, and 
since pvoc T, the heat required for any expansion will be a 
function of v and p. Therefore it follows that 

and, in general, p = kpaT or, if the mass of the given quantity 
of gas be the unit of mass, 

pv=kaT = KT. 
If the pressure be constant, dQ = c^dT; 

and ^=^1, 

If the volume be constant, 

'^dp = c4T = Cv^ 

J dQ Cv 

and J- = rr^' 

dp K 

Therefore, if no heat be imparted, that is, if dQ = 0, 

dv dp ^ 

.'. p^v . ifp is constant, 
if we assume that the ratio of c^ to Cp is coiis\.!a.TA». 
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If p, V be changed to 'p', v', we obtain 



P w) 



t pv \v) 

The equation pvy = constant is, in thermodynamics, the 
equation of the adiabatic, or isentropic lines, and it re- 
presents the relation between the pressure and volume of a 
mass of gas, when, during a change of volume, no heat is lost 
or imparted. 

The equation is true in the case of a sudden compression 
or dilatation of a mass of air, because there is no time for any 
sensible loss of heat, or for any addition of heat from external 
sources. It will be found that this relation is of great 
importance in the theory of sound. 

109. It can be shewn by the aid of the principle of 
energy, that the diflference between c, and Cp, for any given 
gas, is constant. 

By a law of thermodynamics, the energy imparted to a 
system by the application of heat is proportional to the 
amount of heat. 

Hence, J being the mechanical equivalent of the unit 
of heat, the energy imparted to the unit mass of a gas 
by a rise of temperature dT when the pressure is constant is 

J . c^dT. 

But this energy is partly expended in elevating the 
temperature at a given volume, and partly in expanding the 
volume ; 

.-. J . c^dT=pdv + J . CpdT 

and pv = KT, 

.•• J(Cp-Cp) = K, 

shewing that Cp — Cv is constant. 

We can employ this equation in obtaining the result of 
Art. 108. 
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For if no heat be supplied, no energy is imparted, 
and .'. pdv + J . c^dT = 0. 

But pv^KT=J.{c^'-c^)T\ 

:, pdv + vdp = J,(Cj, — c„) dT, 
and pdv (c^ — c„) + c„ {pdv + vdp) = 0, 

whence c, . /jdi; + c, . vdp = 0, as before. 

110. The work done during an adidbatic compression of 
a gas. 

In article 14 we have assumed that the temperature is 
constant, or in other words that the compression is iso- 
thermal. 

This state of things can be secured by performing the 
operation so slowly that any heat which may be generated is 
dissipated during the process. 

K the compression is adiabatic, that is, if the process is so 
arranged that no heat is lost or imparted, which is practically 
the case when the compression is very rapid, we have from 
Art. 108, the relation 

pyy = constant = C. 

Hence it follows that the work done in compressing from 
Fto i7 



= — Ipdv =— ICv ^dv 



Whole mass of the Earth's Atmosphere. 

111. Some idea may be formed of the mass of air and 
vapour sunounding the earth by means of the barometer. 
Supposing the earth to be a sphere of radius r, and that the 
height of the barometric column, K, is \Xie «»^xcife ^\» ^^^xsi^^ 
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of its surface, the mass of the atmosphere is approximately 
equivalent to the mass 4i7r(rr^h of mercury. 

Let p be the mean density of the earth ; 

then, the mass of the atmosphere : the mass of the earth 

= iah : pr. 

But, taking water as the standard substance, 0* = 13*57' 
and p has been found to be about 5*5 ; and, if we take 29'9 
inches as an approximate value of h, it will be found that the 
ratio of the masses is somewhat less than the ratio of one to 
a million *. 

The height of the homogeneous aimiosphere. 

112. If the whole column of air had the same density 
throughout as at the surface, its height being I, and the 
height of the mercury being A, we should have 

ah = pi, 

where p is the density of the air. It has been found that 
the ratio a : p is about 10462 : 1, and therefore employing 
as before 29*9 as a value of h, it will be found that Z is a little 
less than 5 miles. 

Necessary limit to the height of the atmosphere. 

It is clear that, since at a distance from the earth's 
surface its attraction diminishes, and the density and pressure 
of the air are therefore diminished, the above result is very 
far from the truth.. A limit to the height can however be 
found from the consideration that, beyond a certain distance 
from the earth's centre, its attraction will be unable to retain 
the particles of air in the circular paths, which they must 
describe about the earth, in order to remain in a state 
of relative equilibrium. 

* Observations on the motion of pendulums were made by Sir G. B. Airy 
at the Barton Colliery in 1854, and tiie measure of the mean density of the 
earth deduced from these observations was 6*566 with a probable error 
^ '0182. Phil. Tram. 1856. 



I 
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At the equator the expression ©V, a> being the earth's 
angular velocity, is equal to 5r/289, and therefore, at a height 
z, the force necessary to retain a particle m of air in its 
circular motion is equal to mg {r -\- z)/2S9r ; the earth's at- 
traction at the same height 

_ mgr^ 

and the extreme height is given by the equation 

r* _ r-\-z 
(r + zf~'2S9r 

or z = r {^{289) -I}, 

that is, -8^ is a little greater than 5r. 

It is possible however that this height is considerably 
beyond the true height, for the temperature of the air has 
been found, by experiments made in balloons, to diminish 
with great rapidity during an ascent, and it is therefore quite 
possible, that, at a height less than 5r, the air may be 
liquefied by extreme cold, and its external surface would be, 
in that case, of the same kind as the surfaces of known 
inelastic fluids. 

The determiriation of heights by the barometer. 

113. Consider a vertical column of the atmosphere at 
rest under the action of gravity : at a height z let p be the 

Eressure and p the density, and at a height z + Szy let p + Bp 
e the pressure. 

If il be the area of the section of the column, the 
volume ASz of air may be considered as in equilibrium under 
the action of the pressures pA and (p-\-Sp)A, and of its 
weight gpASz, 

Hence we have Sp = — gpSz ; 

and, if t be the temperature, p = kp(l + at) ; 

.'. in the limit - . ^ = — r-^ — r. 

p dz 1-Vat 
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We shall suppose t constant, and therefore 

klogp = -^^ + C, 
and, if p' be the pressure at a height /, we obtain 

Let hy h\ be the observed heights of the barometer at 
two stations, the heights of which are z and z' ; then, taking 
<T as the density of mercury at a temperature zero, and t, t 
as the temperatures at the two stations, 

p =gah (1 - 0t), and p' = gah' (1 - dr") ; 
,.^,^ = -(l4.e^)log ^,|^^^^^ ; 

t may be taken as approximately equal to ^ (t + t'), and we 
thus have an equation from which the difference of the 
heights of the two stations can be calculated. 

114. If however the heights above the earth's surface 
be considerable, it is necessary to take account of the 
variation of gravity at different distances from the earth's 
centre. We proceed then to an investigation of a more 
exact formula. 

Let g be the measure of gravity at the level of the sea, 
and r the radius of the earth, then, at a height z, the attrac- 
tive force is measured by 

^{r + zy 
and the equation of equilibrium is 

we have also p = A?p (1 + a^), and it is here important to 
observe that p is the sum of the pressures due to the air 
itself, and to the aqueous vapour which is mixed with it, so 
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that, if p be the density of the aqueous vapour, p is the sum 
of two quantities in the form 

&p(l + a<) + A?V(l+aO, 

and therefore the quantity hp in the above equation is the 
sum of the two &p, Ji p ^ corresponding respectively to the air 
and the aqueous vapour. 

From the two equations above we obtain 

jL ^JP _ __ 1 gi^dz 
p ^ 1 H-a*(r + 2r)'» 

and, as before, we shall consider t constant, and equal to the 
mean of the temperatures at the two stations. 

By integration 

ifclogp=--i— ^+(7, 
^^ l-^-atr + z * 

and .-. &loff^= ,= ^ / f / IK (1)- 

Let h, h\ be the observed heights of the mercury, and 
T, /, the temperatures, as before ; then, since the force of 

gravity at a height z is measured by the quantity ^ . \2 > 

we have 

p' (r + z\* \-0r' h' .„ 

p-\r + !f) l-0rh ^ '' 

and therefore, observing that ^ is a very small quantity, 
k {1 + at) (r + z) (r + z') ,, A' , », r + z ^, , ., 
where jn = lo^^^ e = :434!294i5. 
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From this formula, if ^r' be known, the value of z can be 
calculated. 

If the lower station be nearly at the level of the sea, 
z = 0, and 

115. In the preceding investigation we have taken no 
account of the variation of gravity at diflFerent parts of the 
earth's surface ; but if ^r' be the measure of gravity at a place 
of which the latitude is V, and ^ at a place of latitude \ it 
has been found (Poisson, Art. 628), that 

g _ 1 - '002588 cos 2\ 
/■" 1 - 002588 cos 2\' • 

the value of g obtained from this equation, in which g' and V 
are supposed to be known, must be employed in the above 
formula. 

If V be the latitude of Paris, the value of the quantity 

A (1 - -002588 cos 2V) (4), 

is nearly 18336 French metres or about 60158*56 English 
feet *, and, representing this numerical quantity by o, the 
expression for z becomes 

c(l+aOfl + -) y , , 

l->002588cos2^ ^-g-i + 2 log, (l -^^J -;.^ (.--.)}... (5), 

The value of o may be obtained by direct calculation of 
the expression (4), and the calculated value is 18337*46 
metres; it has been found however, by comparing the results 
of trigonometrical measurements with the results of the 
formula (5), that 18336 metres is a more accurate value of 
the coefl&cient. 

* A FrenctL metie ia S^'SIOTQ incliea. 
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In order to calculate z from the formula (5), an approxi- 
mate value must be first obtained by neglecting zfr in the 
right-hand member of the equation; if this approximate 
value be then employed in the same expression, a more 
accurate value will result, and the same process may, if 
necessary, be repeated. 

116. Other corrections are however necessary in order to 
render the determination of heights by the barometer very 
exact in practice ; the value of h for instance is modified by 
the &ct that the density of aqueous vapour at a given 
temperature and pressure is less than the density of dry air 
under the same circumstances, and the proportion of aqueous 
vapour to dry air may be, and in genersd will be, diflferent at 
the two stationa 

Moreover, if the upper station be on the surface of the 
ground, the attraction of the portion of the earth which is 
above its mean level must be taken account of The eflfect 
of this attraction is to increase the quantity gi^jix + ^)" l^y 
hgzj^ir so that, at a height z, the force of gravity is measured 

gir Sgz 

or, approximately, ^r j 1 - — I , (Poisson, MScaniqiie, Art. 629) r 
the equation for p will be in this case 

d;) = -5r|l-^|pd^, 
and therefore, if the lower station be at the level of the sea, 



or 






In place of the equation (2) we shall have 



^^«^I^ 
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and the final equation for z will be obtained by substituting 
in (5), \-\'\z\r for 1 + z\t observing that log (1 + f z\t) tt| 
approximately equal to 2 log (1 + f z\r\ 



When z\r is very small, it may be neglected in 
formula (5). It has however been found in practice thai 
the results are rendered more accurate, for such cases, by 
employing, as the value of c, 18393 metres. (Duhamel, p. 
259.) 

117. In the preceding articles we have supposed the 
temperature of the air to be constant through the whole of 
the vertical space between the two stations ; if however the 
diflerence between the heights be very great, a considerable 
error may be thus introduced, and formulae have therefore 
been constructed in which account is taken, on various hypo- 
theses, of the variation of atmospheric temperature. A 
formula of this kind is given in Lindenaus Barometrie 
Tables, constructed on the supposition that the temperature 
diminishes in harmonic progression through a series of 
heights increasing in arithmetic progression. 

It must also be noticed that we have assumed the tem- 
perature of the mercury in the barometer to be the same as 
that of the air surrounding it ; but in some cases, as for 
instance when observations are made in a balloon, the 
barometer may not remain long enough in the same place to 
acquire the temperature of the air round it. The temperature 
of the mercury can, however, be observed by a thermometer 
the bulb of which is placed in the cistern of the barometer, 
and the temperatures so obtained must be employed in the 
equation (2) of Art. (114). 

118. The two following problems are illustrative of the 
principles of this chapter. 

(1) A piston without weight fits into a vertical cylinderi 

dosed at its ha^e and filled with atmospheric air, and is 

initially at the top of the cylinder ; water being poured slowly 

-on the top of the piston, fivd ftou) much, cau be 'poured in before 

tt tvUl run over. 
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Let a be the height of the cylinder, and z the depth to 
which the piston will sink; then in the position of equili- 
brium the pressure of the air in the cylinder is Il-^-gpZy 
where 11 is the atmospheric pressure, and p the density of 

^ water : but 

* this pressure : H :: a : a — z; 

Let h be the height of the water-barometer, 

.-. Jl^gph, 

ha = (a — z)(h+ z\ 

and 2r = or a — A. 

Unless then the height of the cylinder is greater than A, 
no water can be poured in, for, even if the piston be forced 
down and water then poured on it, the pressure of the air 
beneath will raise the piston. 

The negative solution, when a < A, can however be ex- 
plained as the solution of a different problem leading to the 
same algebraic equation. Suppose the cylinder to be con- 
tinued above the piston, and let it be required to raise the 
piston through a space 2r by a force which shall be equal to 
the weight of the cylindrical space z of water. 

This leads to the equation 

n — gpz ___ a 

or z = h — a. 

(2) To determine the motion of a balloon on the supposi- 
tion that the mxiss of air displaced by it in any position is 
homogeneous, and that the temperature throughcmt is constant. 

Let z be the height of the centre of gravity of the balloon, 
m its mass, V its volume, and p the density of the air at the 
height z ; then the equation which determines the motion is 

m^^=^d'pV-mg', 



df 
where d'^S 



r* 



{r^zT 
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But from the equations d/p = — ^pdz and p = kp, w< 
obtain 

_ ff^^ 

p = Il€ *^*'+'>, 

and therefore 






M 9 



df ik(r + ^)» ^(r + z) 

dz 
from which, putting m=^a'V, multipljdng by 2 -^ , and inte 

grating. 



it)'-''- 



r + z 



initially = (7 - 211 + Zagr, 

.•.crf^y = 2n{l-e*-^}-2<^?^. 
\dtj ^ ^ r-\-z 

The greatest height of the balloon is given by putting 

dt "' 

and, if the mean density of the balloon differ very little from 
that of the air, zlr will be small, and an approximate value 
may be found. 



] 



1 

i 
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EXAMPLES. 

1. If the density of air be '0013, that of mercury 1359, 
and if the height of the barometer be 30 inches, prove that 
the numerical value of /v is about 836300, a foot and a second 
being units of space and time. 

2. The weight of 1 litre of dry air at 15*5° C when the 
height of the barometer is 760 mm. is 1*23 grammes. The 
pressure of aqueous vapour at this temperature is 12*6 mm. 
of mercury, and its density is to that of dry air at the same 
temperature and pressure as 5 to 8. Find the weight of a 
iitre of air when saturated with aqueous vapour at the above 
temperature and pressure. 

3. A faulty barometer indicated 29*2 and 30 inches 
when the indications of a correct instrument were 29'4 and 
30'3 inches respectivelv ; find the length of tube which the 

in the tube would fill under the pressures of 30 inches. 



4. The barometer standing at 30 inches, a cubic yard of 
atmospheric air is compressed into a vessel containing a cubic 
foot ; find approximately the numerical measure of the energy 
stored up, the specific gravity of mercury being 13*596 
referred to water, of which a cubic inch weighs 252*77 grains. 

5. The readings of a perfect mercurial barometer are a 
and 13, while the corresponding readings of a faulty one, in 
^hich there is some air, are a and b ; prove that the cor- 
rection to be applied to any reading c of the faulty barometer 

(a-a)()8-6)(a-6) 
(a-c)(a-a)-(6-c)(/8-6)- 

6. If a thermometer, plunged incompletely in a liquid 
whose temperature is required, indicate a temperature t, and 
T be that of the air, the column not immersed being m de- 
grees, prove that the correction to be applied is . J^ —, 

— — being the expansion of mercury in glass for 1° of 
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temperature, assuming that the temperature of the mercury 
in each part is that of the medium which surrounds it. 

7. A closed vertical cylinder of unit sectional area con- 
tains a piston, weight W, The piston is originally halfway 
up the cylinder, and the space above and below is filled with 
saturated air. On being left to itself the piston sinks to half 
its former height; prove that the tension of the saturated 
vapour is SW — ili where 11 is the pressure of the atmo- 
sphere : the temperature being supposed the same at the end 
and beginning of the process. 

8. A vertical barometer tube is constructed, of which 
the upper portion is closed at the top, and has a sectional 
area a*, the middle portion is a bulb of volume 6', and the 
lower portion has a section c', and is open at the bottom; 
the mercury fills the bulb and part of the upper and lower 
portions of the tube, and is prevented from running out 
below by means of a float against which the air presses ; the 
upper part of the tube is a vacuum : find the change of 
position of the upper and lower ends of the mercurial 
column, due to a given alteration of the pressure of the 
atmosphere. 

Shew also that, if the whole volume of the mercury in 
the instrument be cW, where H is the height of the baro- 
meter, the upper surface will be unaffected by changes of 
temperature. 

9. A cylindrical diving-bell sinks in water until a certain 
portion V remains occupied by air, and in this position a 
quantity of air, whose volume under the atmospheric pressure 
was 2F, is forced into it. Shew how far the bell must sink 
in order that the air may occupy the same space as in the 
first position. 

Find also the condition that when the air is forced in at 
the first position no air may escape from beneath the bell. 

10. A vessel, in the form of the surface generated by the 
revolution about its axis of an arc of a parabola terminated 
by the vertex, is immersed, mouth downwards, in a trough of 
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mercury ; shew that the pressure of the air contained in the 
vessel varies inversely as the square of the distance of the 
vertex of the vessel from the surface of the mercury within 
it. Supposing the length of the axis of the vessel to be to 
the height of the barometer as 45 is to 64, find the depth of 
the surface of the mercury within the vessel, when the whole 
vessel is just immersed. 

11. A piston without weight fits into a vertical cylinder, 
closed at its base and filled with air, and is initially at the 
top of the cylinder ; if water be slowly poured on the top of 
the piston, shew that the upper surface of the water will be 
lowest when the depth of the water is *J{ah) — h, where h is 
the height of the water-barometer, and a the height of the 
cylinder. 

12. The barometer stands at 29*88 inches, and the 
thermometer is at the Dew Point : a barometer and a cup 
of water are placed under a receiver, from which the air is 
removed, and the barometer then stands at '36 of an inch ; 
find the space which would be occupied by a given volume of 
the atmosphere, if it were deprived of its vapour without 
changing its pressure or temperature. 

13. A straight tube, closed at one end and open at the 
other, revolves with a constant angular velocity about an axis 
meeting the tube at right angles; neglecting the action of 
gravity, find the density of the air within the tube at any 
point. 

14. A bent tube of uniform bore, the arms of which are 
^t right angles, revolves with constant angular velocity <o 
^bout the axis of one of its arms, which is vertical and has 
Its extremity immersed in water. Prove that the height to 
Which the water will rise in the vertical arm is 




a being the length of the horizontal arm, 11 the atmospheric 
pressure, and p the density of water. 



162 EXAMPLES. 

15. A thin unifonn circular tube of radius a contain 
air and rotates with angular velocity © about an axis, distan 
c from the centre ; find the pressure at any point neglectinj 
the weight of the air. If c is less than a, and if p and p' ar 
the greatest and least pressures, prove that 

16. Prove that for rough purposes the diflference of tb 
logarithms of the heights of the barometer multiplied b 
10000 gives the difference of the heights of two stations i 
fathoms. 

17. Two non-conducting vessels, of volumes v and t 
contain atmospheric air at pressures p and p[, afc the tempers 
tures T and T ; if these masses of air be mixed together in 
non-conducting vessel of volume F, find the pressure of tt 
mixture. 

18. Two bulbs containing air are connected by a hor 
zontal glass tube of uniform bore, and a bubble of liquid i 
this tube separates the air into two equal quantities. Th 
bubble is then displaced by heating the bulbs to tempera 
tures t degrees and if degrees : prove that, if the temperatur 
of each bulb be decreased r degrees, the bubble will receiv" 
an additional displacement which bears to the original dis 
placement the ratio of 2aT : 2+a{t-\-1f — 2t), where a is th( 
coeflBcient of expansion. 

19. An elastic spherical envelope is surrounded by aii 
saturated with vapour ; when the air within it is at a pressure 
of two atmospheres it is found that its radius is twice its 
natural length, and again the radius is three times its natural 
length when the envelope contains 77 times as much air a^ 
it would if open to the air ; assuming that the tension at an] 
point varies as the extension of the surface, prove that ^ o 
the pressure of the air is due to the vapour it contains. 

20. A conical shell, vertical angle 7r/2, and height H, cai 
LoJd double its own weight o? ^atet. 1\, \% iiwerted an< 
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immersed, axis vertical, in a mass of water. The water is 

now made to rotate with angular velocity {7^/2H^y and the 
cone sinks till its vertex lies in the surface : prove that the 
height of the water-barometer is to that of the cone as 

3 : «/ 



21. A small balloon containing air is immersed in water 
and has 100 grains of lead attached to it, the envelope of the 
balloon being of the same density as the water. If at the 
temperature of the water and the pressure of the atmosphere 
the balloon contain 1 cub. inch of air, find the depth to which 
it must be immersed in the water in order to be in a position 
of unstable equilibrium when the height of the water baro- 
meter is 33 feet ; it being given that the density of air : that 
of water : that of lead :: 1 : 800 : 9120. 

22. A cup is formed out of a uniform solid paraboloid, 
by removing half the volume, so that the inner boundary is 
an equal coaxal paraboloid with its vertex at the focus of the 
former one. The cup is immersed in vacuo in a fluid, vertex 
upwards and axis vertical, and gas is forced in from below till 
the vertex rises to the surface : if the water be now halfway 
up the inner boundary of the cup, prove that the density of 
the fluid is | that of the paraboloid. 

23. If the pressure of the air varied as the (1 -h l/m)*^ 
power of the density, shew that, neglecting variations of 
temperature and gravity, the height of the atmosphere would 
be equal to (m + 1) times the height of the homogeneous 
atmosphere. 

24. A piston of weight w rests in a vertical cylinder of 
transverse section k, being supported by a depth a of air. 
The piston rod receives a vertical blow P, which forces the 
piston down through a distance h : prove that 

ivj + llk)[h + alog(l-l)] + ?£ = 0, 

n being the atmospheric pressure. 

W— "^ 
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25. If a spherical balloon of radius r, containing a 
quantity of gas of density a at the pressure 'p^ of the 
atmosphere on the surface of the earth, be just able to 
sustain a tension T, shew that it will burst when its velocity 
is given by 



-=— +A:log 1 ) 

z or \ . Po^/ 

where the resistance to the motion of the balloon is neglected. 



26. Supposing the atmosphere to fill the whole of space 
and to be of uniform temperature throughout, prove that 
the ratio of the density of the atmosphere at the surface 
of Mars to that at the Earth will be 6"*'® nearly; it being 
given that the density of Mars is the same as that of the 
Earth, that his radius is one-half the Earth's radius, which 
is 6366800 metres, and that the atmospheric pressure on 
the Earth is 1033 grams per sq. cm., while the mass of & 
cubic cm. of air is '001247 grams. 
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THE TENSION OF FLEXIBLE SURFACES. 

119. The general problem of the equilibrium of flexible 
surfiMses is considered by Lagrange, Micanique Analytiquey 
Tom. L, and also more fully by Poisson, M^moires de V Institute 
1812 ; it is proposed in this Chapter to discuss one class of 
the questions which arise out of the general case, those 
namely which have reference to the action of fluids upon 
flexible surfaces. 

The pressure of a fluid at rest being normal to any 
surface with which it is in contact, we have, in fact, to con- 
sider the equilibrium of flexible surfaces at rest under the 
action of normal pressures, and of the tensions at their 
bounding lines. 

For the sake of generality the term * flexible surface ' is 
Employed as the representative of substances, such as cloth 
^nd thin paper, which do not oflfer any sensible resistance to 
bending, and which, when bent or twisted, do not tend to 
return to their original form. Perfectly flexible surfaces, 
Vrhether extensible or inextensible, are therefore to be looked 
upon as inelastic. 

In the following articles we shall suppose that the stress 
between any two portions of a flexible surface is wholly tan- 
gential to the surface. 

Measure of Tension. 

Conceive a flexible and inelastic surface, extensible or 
^Dextenaible, in a state of tension, and let QPQ ^i^ ^ %\s^^ 

/ 
/ 
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arc of the section through P made by a normal plane ; then 
if t . QQ be the resultant action, perpendicular to QQ' in the 
tangent plane, between the portions of surface bounded by 
the line QQ, t is the measure of the tension at P ; in other 
words, t is the rate of tension at P, or the force which would 
be exerted on a section of the substance, the length of which 
is unity, in the same state of tension throughout as the 
surface at P. 

In general the stress between the portions of surface 
separated by QQ will not be perpendicular to QQ, and wilL 
therefore be the resultant of the tension t , QQ and of a forcfe 
T . QQ tangential to the curve QQ\ r being a quantity of th^r 
same kind as t and measured in the same way. 

120. A vessel in the form of a right circular cylinder-^ 
the curved surface of which is fleadble, contains fluid ; the aosi^ 
of the cylinder being vertical, it is required to find the relatior^ 
between the pressure and tension at any point. 

Let PQ be a small portion of the surface contained 
between two planes perpendicular to the axis and two gene- 
rating lines of the cylinder. 




Let t be the horizontal tension and p the pressure, at any 
point of PQ ; then the equilibrium of the element PQ' of 
the surface will be maintained by the normal pressure of 
the fluid, pPr . PQ, the tangential forces tPP' and tQQ\ 
and by the vertical tensions on PQ and P'Q, if there be any 
tension in the vertical direction. 

Hence, resolving the forces in the direction of the normal 
OjS', drawn to the middle pomt E, 
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p.Pr.PQ^^ 2tPP' sin (J POQ\ 

= 2tPP' J ^ , if r be the radius, 
or t=pr. 

121. If fluid at rest be contained in a fleadble cylindrical 
surface of any form, the tension at any point of a section 
'perpendicular to the aads of the cylinder is the same. 

Let PQ', (figure, Art. 120), be an element of the surface, 
the centre of curvature Sit A,t the tension at A, t + St at 
By and S<^ the angle between the tangents at A and B. 

Also, let By]t be the inclination to OA of the direction 
of the fluid pressure on PQ', which must lie between OA 
and OB, 

Then, resolving along the tangent at A, 

(t + ht) cos h^ — t = pAB ^in 8i|r, 

= prh<f> sin Si^, 

if r be the radius of curvature at A. 

Hence, ultimately, when h<f> vanishes, 

dt 



d(l> 



= 0, 



ftnd, as this is the case at every point of the section, it follows 
that t is constant. 

By resolving the forces in the direction OE, we shall 
obtain, as in the previous article, the relation 

t=pr, 

between the tension perpendicular to the generating line, the 
pressure, and the curvature, at any point of the surface. 

Taking t constant, the equation pr = t determines the 
pressure at any point if the surface is given. 

If the forces acting on the fluid are given, so that p is a 
l^nown function of the coordinates of a point vdl t\\fe^\y\4L^\kjL^ 
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same equation determines the form assumed by the 
surface. 

The Lintearia and the Elastica, 

122. The Lintearia is the curve formed by pourir 
upon a rectangular piece of thin cloth, the ends of wl 
supported horizontally, while the water is prevent€ 
escaping at the sides. 




Thus, if the ends AB, CD, of the cloth or memb 
fastened to the sides of a box, and if the sides AD 
the box closely and water be poured in, the cross sc' 
the cloth by a vertical plane parallel to J. D or Bi 
Lintearia. 

The pressure being normal, the tension of the 
constant, and therefore, if r be the radius of curvatur 
and BG the surface of the water, 

gpPL . r is constant. 

Assuming gpc? to represent the tension, and 
PN=y, we obtain 

^l = PL = h-y. 
r *^ 
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and .". 2r-« = cos <& — cos a, 

^CK be the deflection at J3, 
or V2 3T^ = 



ci!^ Vcos if> — cos a 
tie intrinsic equation. 

Putting sin ^ = sin ^ sin i|r, 

this becomes 

8 r* dyfr 



io Y l-sm'gsm'ilr 



Hence the depth PL 






a 



= c V2 Vcos ^ - cos a = 2c sin ^ cos i/r 

= 2c sm t: en -, mod. sm ^ . 
2 c 2 

123. The Elastica is the curve formed by an elastic rod 
when bent, and is identical with the Lintearia. 

Taking BOG as the rod, suppose the equilibrium main- 
tained by forces at B and G in opposite directions. 

The bending moment at P is proportional to the curvature 
(see Poisson's Micanique or Minchin's Statics), and therefore, 
considering the equilibrium of the portion BP, and taking 
moments about P, it follows that the curvature at P varies as 
Pi, so that 

r.PL=^c\ 

and the Elastica is therefore identical with ttia Iivc^^fta^w^ 
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124. The Elastica may have any number of convolutions, 
as in the appended figures, 





and the Lintearia can be made to have convolutions by a 
proper adjustment of the water level and the water pressura 

Thus, if we imagine BG to be the water surface, and if 
arrangements be made to let the water fill the space 0-ff, and 
press upwards on the portions BE, CE, we have a Lintearia 
identical with an Elastica of one convolution. 

If we imagine that BG touches the bent rod at B and (7, 
necessitating, as will be seen, an infinite length of rod, and if, 
as before, we measure the deflection from the tangent at 0, 

r* = 00 , when <^ = tt, and therefore 

ds 



2r' 



= 1 + cos <^, or -rr = 



2cos^ 
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Measuring a from 0, this leads to 

s = clogtan(J + |j. 

It will be seen hereafter that this is the Capillary curve. 

125. To find the Cartesian equation of the Lintearia*, 
we have from Art. 122, 

if ON = x,&nAPN=y, 

d^y dp 

■• 2c' -^ 71+?' 

"" \dy) ^(2hy-f)i4.c'-2hy + yr 

126. If BG = 2a, and if 21 is the length of the arc BOG, 
and the inclination of the tangent at B to the horizontal, 
the various constants are connected by the equations, 



or 



2gpc* sin ^ = 2 I gp(h — y) dx, 

Jo 

c^ sin ^ = I (A — y) dx, 



co8/3=l-2^,. 

* The investigation of the equation of the Lintearia was first effected by 
James Bemoolli. 
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We have drawn the figures for the case in which the 
water is filled up to the level jB(7, but, if a smaller quantity 
of water is poured in, the portions of cloth not in contact with 
the water will be plane, and the value of h will be the depth 
of the vertex below the surface of the water. 

127. Considering the equiUbrium of a plane flexible 
membrane, the stress along any line, that is, the action 
between the contiguous portions of the surface bounded 
by that line, is in general oblique to the line, and is therefore 
represented by a tension t and a tangential action t ; we 
shall now shew that for any two directions, at right angles to 
each other, t is the same, and that there are two directions 
for which t vanishes. 

Taking any small square element of the surface, the 
tangential actions tSs and (t + St) Bs on a pair of opposite 
sides form ultimately a couple t&', if Ss be a side of the 
element; and, since this must be balanced by the other 
couple, t'&*, if T be the tangential action in the direction at 
right angles, it follows that t and t are equal. 

Now take a small triangular element, OAB, right-angled 
at 0, and represent the stresses as in the figure. 




Kesolving parallel to BA, we obtain 
tAB + tOA cos + t'OA sin = tOB cos + tOB sin 0, 
.-. 2t' = (t - 1') sin 2fl - 2t cos 2^, 
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and r vanishes when 

{t - 1') tan 2^ = 2t, 
giving two directions at right angles. 

128. If in the figure we assume that OA and OB are 
the directions of zero tangential action, and if we resolve in 
the directions perpendicular and parallel to BA, we shall 
obtain the equations, 

T=^sin»^H-f'cos'^, 

t' = (^ - 1') sin cos 0. 

The quantities t and t' are now the greatest and least, or 
the least and greatest tensions, and we shall therefore call 
them the Principal Tensions. 

129. If ^ be the inclination to OA of the resultant 
stress, jB . AB, upon AB, 

. t' . OA t' 

^'^'f'^r-oB^r''^^^ 

,\ tan ^ tan ^ = -. 

V 

Also R.AB^^e. Off + ir. 0A\ 

.-. i? = fsin«^ + rcos'^, 
and, eliminating 0, we obtain the relation, 

1 __ cos* sin' (j) 

If then t and t* are the principal tensions at the point 
0, in the directions OA and OB, and if is the inclination 
of OE to OAy the direction OF of the stress across OE is 
given by the equation 

tan <^ tan ^=-, 

and the magnitude of the stress, per unit of length, is re- 
presented by the radius, in the direction OF, of an ellipse, 
the semi-axes of which are represented by the principal 
tensions. 



130. Conjugate stresses. 

If the stress across OE is in the direction OF, the stress 
3ross OF is in the direction OJS, 




For, if we consider the equilibrium of an element in the 
form of a parallelogram PQR8, the sides of which are parallel 
to OE and OF, the stresses on PS and QR equilibrate, and 
therefore it follows that the stresses on PQ and RS equilibrate, 
and are therefore in the directions OE and EO. 

131. If R and R' are the conjugate stresses across OE 
and OF, and if and <j> are the inclinations of OE and OF to 
the direction of the principal tension t, we have from Art. 
129, the equations, 

1 _coa^<j> sin*<^ 

R'~~r'^~^' 
1 cos* sin' 



+ 



where and (f> are connected by the relation 

If 

tan (f> tan = -:- 

z 

Eliminating and <f), we find that 

RR =itt , 

so that, at any point, the product of two conjugate str 
is constant, and equal to the product of the prir 
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132. The same results can be obtained by writing down 
the conditions of equilibrium of two elemental triangles OAB, 
OA'B\ where AB and A'E are parallel to OE and OF. 




We should thus obtain the equations, 

iJ cos <^ = ^ sin 6y iJ sin ^ = t' cos 6, 
R' cos6 = t sin ^, R sin 6 = t' cos ^, 

from which we can obtain the relations already given. 

133. If now we take the case of a flexible membrane 
exposed to fluid pressure, and consider the equilibrium of a 
small element of the membrane, the results of the three 
preceding articles are at once applicable to the case, for in 
the limit the components of normal pressure disappear in 
comparison with the tangential action. 

134. A flexible surface of any form is exposed to the 
miction of fluid; required to find the relation between the 
pressure, principal tensions, and the curvatures in the di- 
rections of these tensions, at any point*, 

* The student must be guarded against the idea that there is any con- 
nection between principal tensions and principal curvatures. 

For instance, imagine a membrane folded round a cylinder, and draw a 
number of helical lines of the same pitch on the membrane. 

The membrane can be tightened in the directions of these lines, which 
will become the directions of greatest tension, the perpendlcTilox tfi;v\.^v^x^\^'isksN% 
zero, and the stress along a generating line being o\Aic\v]L^ \»o \N\<dX\£Ck&. 
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Let Q, Q\ be points contiguous to P, on the lines of pr 
cipal tension PQ, PQ\ through P; draw normal plai 
through Q and Q\ perpendicular to the lines, PQ, P 
cutting the surface in the arcs, AB, AD, and let BG, GB, 
the arcs of section made by normal planes through contiguc 
points in Q'P, QP, produced. 




The element BB is kept at rest by the tangential for< 
tAB, tGD, t'AD, t'BG, and the normal force, p,AB, BG, 

Let r, r', be the radii of curvature at P of the curves 1 
PQ' ; then, resolving along the normal at P, we ha 
ultimately 

p.AB.BG=2tAB^^-\-2t'BG^'^^ 



and 



r 

i ^' 

r 



-P = z'^:p' 



If the nature of the surface be such that t' = t, the abc 
equation is 

t r r^ p p" 

if p and p are the principal radii of curvature. 

Hence if z^f{x^ y) is the equation to the surface, 
follows that 



f-h(l)'^(|)"'* 



= 1 + 



dz\^\ d?z ^ dz dz d^z 



/dz 



/dz\' 



dyj j da^ 



dx dy dxdy \ \dx) . 



d*5 



which 13 the equation obtained by Lagrange and Poisson. 
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136. If the directions of t and f are not those of prin- 
cipal tensions the tangential action will appear in the 
equation. 

Taking any point on the surface, two directions 0-4, OB 
at right angles to each other, let t, t' be the tensions in these 
directions, and T\ T the tangential actions in the same 
directions. 

Oz being the normal at 0, draw four planes parallel to, 
and very near to, the normal planes AOz, BOz, cutting the 
surface in CD, DE, EF, FC. 




Then, ultimately, the tangential actions, T.GD and 
*_^- EF on CD and EF are equal and opposite, as are also 
^t^ose on ED and OF, 



Hence, by taking moments about OZ, it appears 
^ ^T\ 2JA in Art. 127. 



that 



If be the inclination to the plane ayy of the tangent at 
^ to the curve CD, 

tan = , , . 0.4, 



dxdy 



^^d similarly at the point a, 



**°^=^<-^">- 



a H. 
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Hence the sum of the actions T. CD and T. EF in the 
irection Oz 

^T.GDi^ OA''T.EFi^{r-Oa)^T.CD.DE. ^"^ 



dxdy ' dxdy / • • • ^j^y* 

and a similar term arises from the action T\ 
Resolving along Oz^ we now obtain 

p.GD.DE=2tGD — + 2lfDE^ + 2T.CD.DE^, 
^ r r dxdy 

and ,',p = l + i,^2T^\ 

^ r r dxdy 

136. If we imagine a surface of such a nature that the 
tension at any point is always perpendicular to a line of 
division through that point, it can be shewn that the tension 
at any point is the same in every direction. 

Considering a small triangular portion of the surface 
the equilibrium in the tangent plane is entirely determined 
by the tensions of the sides of the triangle, for the tangentiaL 
impressed forces, if there be any, will ultimately vanish in. 
comparison with the tensions ; and since these tensions ar 

{)erpendicular to the sides, they must be in the ratio of thei 
engths, and therefore the measures of tension in all direc 
tions are the same. 

Further, the tension will be the same over the surface, for 
if a small rectangular element be considered, the tensions o 
the opposite sides must be equal. 

The conception of such a surface is of the same nature 
the conception of a perfectly rigid body or of a perfect fluid ; 
nevertheless we obtain approximate specimens in the case o/ 
liquid films, such as soap-bubbles, or the films which may be 
seen in a clear glass bottle containing liquid which has been 
shaken about. 

The consideration of the equilibrium of liquid films we 
defer to a subsequent chapter. 

* The general question of the equilibrium of flexible surfaces is dis- 
oussed in a paper, by myself, in the Quarterly Journal of Mathematia, 
^-' TV. I860. 




TBCB TENSION OF FLEXIBLE SURFACES. 



179 



137. A vessel, form&i of flecdble and iinextensible 
mmterial, is in the form of a surface of revolution, and is held 
with its aads vertical, and filled with homogeneous liquid: 
^ is required to determine the principal tensions at any point. 

Let be the lowest point of the vessel, and take 
for the origin. 




Measure os vertically upwards, and let PEQ be any hori- 
^ntal section, the upper rim being ACB, which is supposed 
^ be fixed. 

At all points of the horizontal section PQ, the tensions 
^^e evidently the same. 

Let t be the meridional tension, ie. the tension at P, in 
^^ection of the tangent at P to the curve AP, and if the 
^^inzontal tension at P; these are the principal tensions. 

The vertical resultant of the tension t along the section 
•^Q counterbalances the resultant vertical pressure on the 
surface POQ; hence, if 

OE = x, EP = y, and angle PTO = 0, 

27ryt cos ^ = I gpiry"^ dx' -f gpiri^ (c - x), iS OC = c. 

Jo 

This equation determines t, and <' is given by the 
equation 

- + ^ = «,Art. 134* 
r r ^ 

where p^gpic — x). 

* This equation may also be obtained, for this case, by taking a 
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It will be observed that r is the radius of curvature of the 
curve AP at P, and that r', the radius of curvature of the 
perpendicular normal section, is the normal PO. 

138. A more general proposition is the following : 

A fleanble vessel, in the form of a surface of revolv4don, is 
subject to fluid pressure, such that it is the same at all 
points of the same circular secticm ; it is required to determine 
the principal tensions at any point. 

Let PEQ, P'E'Q be two consecutive circular sections, and 
let t be the meridional tension at P. 




If OP = s, the resultant tension, parallel to the axis, on 
the circle PQ, 

doo 

.*. the resultant tension, parallel to Ox, on PQ' 



= 27r 



dx . d 



^ ds ds V ds 



{yi 



dx^ 



S4, if PP' = &. 



The difference of these two counterbalances the resultant 
pressure, parallel to Ox, on the strip of surface between the 
circles PQ, P'Q\ which is equal to 

small element bounded by b'nes of curvature, that is by meridians and 
horizontal circles; it will be necessary to employ Meunier's theorem, 
and to observe that the osculating planes of lines of curvature are not 
generally normal planes. 



THE TENSION OF FLEXIBLE SURFACES. 



181 



if p be the pressure at any point of the circle PQ ; 

d / ^ dx\ dy 

and p being a given function of a?, and therefore of «, this 
equation determines the tension t, and, as before, t' is given 
by the equation 

r r ^ 

139. By eliminating p we obtain a relation between 
t and t' y but it is better to obtain the relation directly. 

Taking a small element PP', R'R bounded by meridian 
arcs, PP", RR\ and by circular arcs PR, PR\ let 8<^ be the 




angle between the meridian planes and 2Si|r the angle between 
the tangent lines, at P an& iJ, to the meridians. 

Then PiJ = yS<^, and PP' = 8s. 

Resolving parallel to the direction of the meridian 
bisecting PR and P'R\ 
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and, since p^ 
we obtain the equation 



^ (ty Sif>) By = HfB8 sin 8f, 
^ = sin ^ = ^ , fig. Art. 137, 



A 

dy 



(ty) = f. 



Observing that r=y sec 0, we also have 

t . if COS 



- + 
r 



y 



and therefore t and t' are determined by these two equations. 

From the first of these equations, we observe that, if at 
any horizontal section ^ is a maximum or a minimum, sa 
that dtjdy vanishes, 

i=t. 

Again if l! =^t at every point, it follows that dt/dy = 0, 
and therefore that t is constant. 

140. Examples. (1) A conical perfectly flexible and 
ehMic hag attached, mouth downwards, by the rim to a 
horizontal plane, and filled with liquid by a smaU hole at the 
apex, ha^, when at rest, the figure of a right circular cone ; 
find the equation to the figure it will assume when detached and 
the liquid let out, neglecting its weight. 

Let t be the tension at P in the direction perpendicular 
to the generating line VP, t' the tension in the direction VP, 
and 2a the vertical angle of the cone. 
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Then 



P = -+p gives, if VN== x, 



t 



t 



or 



PQ X tan a sec a ' 
t = gpa? tan a sec a. 



But 2irPNlf cos a = the resultant vertical pressure on 
VPQ ^ 

= |5r/a7ra?'tan'a; 

/. If ==igpx^ tan a sec a. 

Let V'P'Q be the generating curve of the surface of 
revolution into which the surface forms itself after the liquid 
has been let out, Fi\r = f, P'N=^ri, F corre- ^ 
sponding to the point P. 

If FQ = hsy a small arc of the curve. 

If 



Sa?seca = Ssfl + r-7] , 



and 



;z;tan 



t 



a = v{l + i 




taking the modulus of elasticity different in the two direc- 
tions. Taking account of the values of t and If obtained 
above, x can be eliminated between these two equations, and 
the relation between f and 17 will result. 

■ci xT_ r. X X- XX- orp tan a sec a 1 
From the first equation, putting ^^ — ^^-7 = -, , 



3V 



ds 

J- cos a = 

ax 



1 + 



X 

a' 



$' 



s X • 

.'. - cos a = tan"^ - , measuring s from F, 



or 



- = tan (-COS a) . 
a \a J 
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Substituting this expression for x in the second equation, 
we obtain 

(8 \ [^ gpa' tan a sec a ^ «/« \) 
atanatani -cosal = 97-^l +^^- r^^ tan*( -cosaJK 

as the diflferential equation to the curve. 

If \ = X', atana = 97 Jcot (-cosa) 4- 3 tan f- cos a) •. 

(2) A fleadble membrane in the form of a catenoid, that 
is, of the surface generated by the revoluticm of a ca^ienary 
about its directrix, has its ends fastened to two equal circular 
boards of radius a, and the excess 'p of the air pressure inside 
over the air pressure outside is given. 

In this case the curvatures are in opposite directions, 
and if PO be the normal at P, each radius of curvature is 
equal to PG, and the equations of equilibrium are 

tf--t=p.PG, and t' = ^(yt); 

J • Tii-r V' dt 

and since FG = - , ^ "/" = Py> 

.-. 2c(t-T)=p(f-<^), 
T being the meridian tension of the vertex ; 

and ^' = t4-£(3/-c»). 

The first of these equations may at once be obtained by 
considering the equilibrium of the portion AP, and then the 
value if follows from the equation, if — t =pr. 

Neglecting the weights of the boards, and supposing the 
form of equilibrium to be maintained by the inside air 
pressure, we obtain 



P 



T4-f,(a»-c«) 



which gives 2t = pc, 



c 



- = pira*, 

a '^ 
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and the tensions then become, 

^-^ and t'=^ 

141. We have hitherto considered only laminae of uni- 
form thickness, but, in order to include cases in which the 
lamina is of variable thickness, a more general measure of 
the tension can be given. 

Suppose a bar AB of any homogeneous material ,oia 
to support a weight TT, and let k be the area of the 
section of the bar ; then the tension at the section 
through P supports W and the weight of the bar PB ; 
and if tk is equal to the sum of these weights, t is 
the measure of the tension at P per unit of area. 

It will be seen that t is one dimension lower 
than t. 



B 



In fact, if e be the thickness of a flexible lamina 
at any point, the tension at which, measured in the 
usual way per unit of length of section, is t, we have 

ths — reBsy 

or t= er. 

142. The investigations of this chapter will not in 
general be applicable to surfaces which are inflexible, or of 
imperfect flexibility, but, if in any particular case the action 
between adjacent portions of a surface be wholly in the 
tangent plane, the relations obtained between the tension 
and the normal pressure will hold good. 

For instance, if a vertical circular cylinder formed of any 
inflexible substance be filled with fluid, the action at any 
point will be wholly tangential and of the nature of tension. 
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EXAMPLES. 

1. Supposing the cylinders of a Bramah's Press made of 
the same material, and the stress to be the same in each, 
what should be the ratio of the thicknesses of the cylinders ? 

2. A cylindrical vessel is formed of metal a inches thick, 
and a bar of this metal of which the section is A square 
inches, will just bear a weight W without breaking. If the 
cylinder be placed with its axis vertical, find how much fluid 
can be poured into it without bursting it. 

3. The tensile strength of cast iron being 16000 lbs. 
weight per square inch of section, find the thickness of a cast 
iron water-pipe whose internal diameter is 12 inches, that 
the stress upon it may be only one-eighth of its ultimate 
strength when the head of water is 384 feet. 

4. A hollow cone, the vertex of which is downwards, is 
filled with water; find where the horizontal tension is 
greatest. 

Also find where the tension in the direction of a gene- 
rating line is greatest. 

5. The top of a rectangular box is closed by an uniform 
elastic band, fastened at two opposite sides, and fitting 
closely to the other sides ; the air being gradually removed 
from the box, find the successive forms assumed by the 
elastic band, and when it just touches the bottom of the box, 
find the diflference between the external and internal atmo- 
spheric pressures. 

6. An elastic tube of circular bore is placed within a 
rigid tube of square bore which it exactly fits in its un- 
stretched state, the tubes being of indefinite length ; if there 
be no air between the tubes and air of any pressure be forced 
into the elastic tube, shew that this pressure is proportional 
to the ratio of the part of the elastic tube that is in contact 
with the rigid tube to the part. lYiat \s e-uxv^d. 
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7. A vessel, formed of a thin substance, in the shape of 
a cone with its axis vertical and vertex downwards, is just 
filled with liquid and closed at the top. If it be made to 
rotate uniformly about its axis, find the principal tensions at 
any point. 

8. A spherical elastic envelope is surrounded by, and full 
of, air at atmospheric pressure (IT), when an equal amount is 
forced into it. Prove that the tension at any point of the 
envelope then becomes 11 (2r' — /')/2/', where r, / denote 
the initial and final radii. 

9. An elastic spherical envelope whose natural radius is 
a, has air forced into it so that its radius becomes b; it is then 
placed under an exhausted receiver, and its radius increases 
to c ; find the quantity of air forced in, assuming that the 
tension is proportional to the increase of surface. 

10. An elastic spherical envelope of radius a, is filled with 
air at the same pressure and temperature as the surrounding 
air. Assuming that the tension varies as the increase of 
surface, and that if the quantity of air inside be doubled the 
radius becomes ma, and that if the temperature inside be 
then raised to T\ the radius becomes na, prove that 

r_ n'(n»^l)(2-mO 

11. A hemispherical bag, supported at its rim, is 
filled with water ; the principal tensions at a depth x are in 
the ratio 

a^ + ax + a^ : 2a^+ 2ax — a\ 

Find also where the horizontal tension vanishes, and 
explain the circumstance of its being negative for a portion 
of the bag. 

12. If the hemispherical bag be closed at the top by a 
rigid plane to which its rim is tied, and then inverted, shew 
that the principal tensions at a depth x, are in the ratio 

3a -2a? : 9a — 4jx. 
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13. A spherical envelope is just filled with liquid, which 
rotates uniformly about a diameter ; neglecting gravity, 
prove that the principal tensions at an angular distance ^ 
from the axis of rotation are 

^ po) V sin' <f> and | /5® V sin' ^. 

14. A cylindrical shell of finite thickness is formed of a 
material such that a bar, one square inch in section, can 
sustain a tension r without giving way. If this shell be 
subjected to an internal fluid pressure «r, which is only just 

not suflBcient to burst the cylinder, prove that or = t log t ; 

where a and b are the external and internal radii of the 
shell. 

15. A cone contains heavy liquid ; if the tension of the 
cone in the direction of the generating lines is the same at 
all points, prove that the density of the liquid varies inversely 
as the square of its height above the vertex. 

16. A convex inextensible pliable envelope in the form 
of a surface of revolution with its axis vertical is exposed to 
water pressure from within. Prove that at the widest part 
the tension along the meridians is a maximum or a minimum 
according as it is less or greater than the tension across the 
meridians. 

17. A flexible bag, in the form of a right circular cone, 
just filled with liquid, has the rim of its base fastened to a 
rigid plane, and the liquid is acted upon by repulsive forces 
from the centre of the base, varying as the distance ; find the 
principal tensions at any point. 

If an aperture be made in the rigid plane, fitted with a 
piston, and a blow be struck on the piston, find the principal 
impulsive tensions at any point, 

18. If, in Art. 138, the vessel be a paraboloid, and if the 
principal tensions be equal at any point of the horizontal 
section through the focus, shew that the length of the axis is 
fths of the latus-rectum. 
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19. A quantity of liquid within a thin spherical shell 
rotates about the vertical diameter with uniform angular 
velocity: find the principal tensions at any point, and 
examine the effects of an increase in the velocity of ro- 
tation. 

20. A flexible surface, such that the tension at any 
point is the same in every direction; and whose form is 
given by the equation ^ = ^ (a?, y\ is exposed to the action 
of fluid, find the ratio of the pressure to the tension at any 
point. 

Shew that this ratio is 11 : 12 at the points of the 
surface 4cb^ = 3^^ (a?* + y'), where x = y = z. 

21. A right circular cylinder is made of elastic material 
attached to rigid fixed plane ends. It is distended by fluid 
pressmre. Supposing that the tensions in the meridian 
and circular sections are regulated by Hooke's law, obtain 
equations sufficient to determine completely the shape it will 
assume. If the pressure p be constant, prove that the 
meridian curve is 

where a is the original radius, \ one of the moduli of elas- 
ticity, and -4, B, G, constants of integration. 

22. If an elastic membrane when unstretched forms the 
curved surface of a cylinder of radius a, show that if its ends 
be fixed and air be forced into it and its ends closed, the 
bounding curve of any section through the axis will be 
given by 

where <f> is the angle made by the tangent with the axis, y 
the perpendicular on the axis, p the difference of the external 
and internal pressures, and \ the coefficient of elasticity. 
Explain how the constants c, / and a third obtained on 
integrating the equation must be found. 
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23. A vessel is constructed of thin flexible and inexten- 
sible material, in the shape of the surface formed by the 
revolution of a catenary, of which c is the parameter, about 
its axis. 

If ty t' are the principal tensions at the distance x from the 
axis, prove that 

2t—1f:2t:: xjc : sinh 2a;/c, 

the difference of the pressures inside and outside being sup- 
posed constant. 
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143. We shall now consider the case of a cylindrical 
lamina, subjected to fluid pressure, such that it is the same 
along any generating line. 

I{ APQ is a cross-section perpendicular to the generating 
lines, the stress between the two portions separated by the 
generating line through P, perpendicular to the plane of the 
paper, will consist of a tangential force, a shearing force, and 
a couple. 

Taking unit length of the generating line, we shall denote 
these quantities by T, N, and ff, observing that T, iV", and 
represent the stresses exerted at P upon the element PQ, 
and that T+ST, iV+SiV, + 8G, in the contrary directions, 
are the actions at Q upon PQ. 
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Let pSs be the fluid pressure upon PQ on the concave 
side, and let <f> be the deflection of the tangent at P from the 
tangent at A. Then by resolving parallel to the tangent and 
normal at P, and by taking moments about P, we obtain the 
equations, 

SN-(T + ST)S(l>+pB8 = 0, 
or, ultimately, 

d<l> d<l> 

If the form of the lamina is given, that is, if the intrinsic 
equation of the curve AP is given, and if jp is a known 
function of ^, these equations determine the stress along any 
generating line. 

144. If the lamina be elastic and naturally plane, we 
have the additional condition that is proportional to the 
curvature, or that = E/r, where r is the ractius of curvature 
at P. 

In this case the third equation becomes 

r' d<f> ' 
and therefore, from the first equation 

dT_Edr 

so that T^C"^^. 
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SubstitutiDg these values in the second equation, we 
obtain the equation 

This equation determines the form assumed by the lamina 
for a given law of pressure, or, if the form be assigned, it 
determines the law of pressure. 

In the case in which p is constant, or a given function of 
r, a first integral of the equation can be obtained by putting 

(■^-A =Zf and we thus find -rr in terms of ?\ 

145. If the lamina is naturally of a given cylindrical 
form, and is bent from its natural form, the couple O, the 
fiexural couple, is proportional to the change of curvature, so 
that if r^ is the original radius of curvature at P, 



G 



\r rj 



The truth of this equation depends upon the assumption 
that the len^h of the mean fibre, across the generating lines, 
remains unchanged. We also assume that no effect is pro- 
duced upon the equation by the existence of external fluid 
pressure. 

146. To illustrate the use of these equations, consider 
the case of an elliptic cylinder, formed of some thin rigid 
substance, closed at its ends and filled with air, the pressure 
of which exceeds by p the pressure of the external air. 

Eliminating -AT, we obtain 

Measuring s and ^ from one end of the conjugate axis, 
^ CD' ^ o'6' 

«* (o*8in"^ + 6'cos»*' 

B. H. VS* 
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aud, by the method of the variation of parameters, it will be 
found that 

r = p . (a* sin'' <^ + 6* cos* <f>f -\' A cos <f> + B sin ^, 

and therefore 

,^ . . . „ . (a* - 6*) sin <^ cos <^ 
N = Asin<f> — B cos <l>—p, —.. 

(a*sin'<^ + 6*cos*^) 

Employing the consideration of symmetry, and also the 
law of the equality of action and reaction, it follows that N 

IT 

vanishes at the apses, i.e. when ^ = 0, and when 4>— ^ . 
Hence it appears that A = 0, and 5 = 0, and therefore 
r = y7^ and iV = -p , (7i) sin <^ . cos <^. 

AIqo ^^-Nr^ p (a'-b^)a'b'sin<f>cos<l> ^ 
d<l>'^ ■ (a* sin* <^ +"6'' cos»« ' 

^ tt sin 9 + 6 cos 9 -^ 
assuming that, when p = 0, there is no stress. 

147. The LinteaHa. 

We have shewn, in Art. 123, that the Lintearia and the 
Elastiea are identically the same curves. 

If two opposite sides of a thin elastic plate are drawn 
together, and connected by a tightened sheet, the curve 
formed is the Lintearia of Art. 122. 
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In this case p^O, and, as an exercise, it may be useful to 
observe that the integration of the equation of Art. 144 will 
lead to the intrinsic equation of the Lintearia. 

If Q is the tension of the connecting sheet, and if T and 
2f are the tension and shearing force at P, we obtain, by 
considering the equilibrium of the portion PB of the lamina, 
the equations 

T=-Qcos<f>, JV=-Qsin<^. . 

148. We now propose to determine the law of pressure 
which will deform a thin elastic lamina, resting on two 
parallel fixed bars, in the same horizontal plane, into a 
Lintearia. 

The quantities T and will both vanish along the lines 
in contact with the bars, and therefore the radius of curvature 
at these lines will be infinite. 

E 
Hence in the equation, T=C — ^, 

we find that (7=0, and therefore 

The intrinsic equation of the Lintearia is 

r \/2 = c (cos — cos a)~^ 
and p is given by the equation 

Making the substitutions it will be found that 

JFcosa 



Now, in the Lintearia, Art. 122, 

r = 



c» 



PL' 

, ^ „^ JS^cosa 

so that p = PL . — I — 



\^— ^ 
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and therefore the requisite pressure can be obtained by 
pouring in liquid of density p, such that 

EQo%a==gpc*. 

Hence it appears that the Lintearia form can be main- 
tained by pounng in liquid, of the density given by the 
preceding equation, to the level of the bars. 

Further, 

E dr E . ^ 

.'. iV = — ^rpc* sin <^ sec a, 

N being the shearing force, at P, of the left-hand portion on 
the right-hand portion, inwards, so that — iV is the action on 
the left-hand portion. 

Hence at B and C 

— N=gpc^tein a. 

This last result can be tested by the fact that the 
reactions of the bars support the weight of the liquid. 

Thus we have 

- 2i\rcos a = 2 jgpPLda;, 

PL . -, J f ^<^= 2 I gpc^ COB <f>d<f> 



Jo 



ds d<f> J 

= 2gpc* sin a. 



149. If we have an elastica formed bv bending a given 
plate, and fixing the ending generating lines in the same 
horizontal plane, 6^ = 0, at B and (7, and the stress at each 
end contains tangential and normal components. If we now 
pour in liquid of the density suitable to the particular 
elastica, the shape will be unaltered, but the value of T at 
B and C will be increased, while the value of i\r at fi and C 
will remain unchanged. 
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EXAMPLES. 

1. A vessel of thin rigid material, in the form of half a 
circular cylinder, is filled with water and supported by vertical 
forces at its bounding generating lines, which are horizontal ; 
prove that the stresses at any point distant <l> from the lowest 
point are such that 

2T = gpa* (<^ sin (f) + cos <^), 2N = — gpa* 4> cos <^, 
2G = gpa^ f ^ — <^ sin ^ — cos <^ j . 

2. A lamina in the form of a rigid parabolic cylinder 
bounded by planes perpendicular to the generating lines, 
forms a vessel which, being closed in by a band of thin 
cloth joining the generating lines through the ends of the 
latera recta, is filled with air, the pressure of which exceeds 
by p the pressure of the external air. If the breadth of the 
band of cloth be to the latus rectum, (4a), in the ratio 
tta/Z : 4, prove that, measuring <^ from the tangent at the 
vertex, r=jpa(8ec^ — V2cos^), calculate the values of iV 
and (?, and prove that at the vertex, 2G =pa^ (3 + 2\/2). 

3. A rigid cylindrical vessel, the cross section of which 
is formed of two cycloidal arcs with the ends fitting together, 
has an excess of air pressure inside ; investigate the stresses 
along any generating line. 

4. A rigid thin lamina in the form of a cylinder, the 
cross section of which is the catenary, 8 = c tan ^, is subjected 
to an excess p of air pressure on the concave side, and sup- 
ported by two equal forces parallel to the axis of the catenary, 
at the augular distance a from the vertex ; prove that, in this 
case, 

— = cos <^ sec a — 1 + sm <p log tan I ^ "*■ f J » 

— = sin ^ sec a — tan ^ — cos <^ log tan (-. -V ^\ ^ 
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— j^secc^seca-isec"^- J jlog tan (t +?)[ +^, 

where ^ = i jlog tan (-j + ^ H —J sec* a. 

Prove also that each of the supporting forces 

=;)cIogtan^^ + |). 

5. A plane elastic lamina rests on two parallel horizontal 
bars, and is bent downwards between the bars by a constant 
air pressure above ; prove that the radius of curvature and 
the deflection are connected by the equation 



©■-^-M-- 



4(f> 

6. Find the law of fluid pressure which will bend the 
same lamina into the form of a catenary. 

7. If the same lamina is bent into the form of a parabolic 
cylinder, resting on the parallel bars, prove that the fluid 
pressure at the angular deflection <l> from the vertex varies as 

cos' <f> (7 cos* ^ - 6). 



CHAPTER X. 



CAPILLARITY. 



150. It is a well-known fact that if a glass tube of small 
bore be dipped in water, the water inside the tube rises to a 
higher level than that of the water outside. 

It is equally well known that if the tube be dipped in 
mercury, the mercury inside is depressed to a lower level than 
that of the mercury outside. 

If a glass tumbler contain water it will be seen that at 
the line of contact the surface is curved upwards and appears 
to cling to the glass at a definite angle. 

If the tumbler be carefully filled, the level of the water 
will rise above the plane of the top of the tumbler, the water 
bulging over the round edge of the top. 

If water be spilt on a table, it has a definite boundary, 
and the curved edges cling to the table. 

These facts, and many others, have led to the theory 
of the existence of a surface tension, the laws of which may 
be stated as follows : 

(1) At the bounding surface separating air from a liquid, 
or between two liquids, there is a surface tension which is the 
same at every point and in every direction, 

(2) At the line of junction of the bounding surface of a 
gas and a liquid with a solid body, or of the bounding surface 
of two liquids with a solid body, the surface is inclined to the 
swrface of the body at a definite angle, depending upon the 
nature of the solid and of the liquids. 

In the case of water in a glass vessel the angle is acute ; 
in the case of mercury it is obtuse. 
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the equation of equilibrium is 

<sin<^^ ^ 
6s=^gpyox, 

Hence, putting 4st==gpc*, 

(? 

and, inverting the figure of Art. 124, we see that the capillary 
curve is a particular case of the elastica. 

The particularity consists in the fact that OA is a tangent 
to the curve, so that dyjdx = when y = 0, and enables us to 
obtain the Cartesian equation. 

Observing from that dyjdx, which is the tangent of 

ir/2 + ^, is negative, and decreasing numerically, it follows 

that d^yjdx^ is positive, and that the equation, 4ry = c', 
becomes 

da?/ 1 "*"Wj ~c'' 
Putting p ~ for -t4 • and integrating, we obtain 

-1 2y' ^ , dx , 2v*-c» 

1 = -4 - 1. and .-. J- = ± — ^^^7 — =-, . 

(l+p^i C dy 2yjc'-f 

Observing that the tangent is vertical when y^/2 = c, and 
that the curve should meet the vertical plane at an acute 
angle, we have y^/2 less than c at all points under considera- 
tion, and 

dx^ 2f-/ 

Integrating this equation, and taking the origin in a new 
position such that a? = 0, when y = c, we obtain 



or 



^^ = aech^(x + Jc'-y')\. 
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If y = 0,a!ia infinite, and, taking the figure of Art. 124, 
the elastica is identical with the capillary curve when BC is 
the tangent at B and C, but this is only possible when the 
length IS very great. 

If a is the angle at which the liquid meets the wall, we 
obtain the height OF by putting — cot a for dy/dx, so that 



2y--c 



- =r — cosec a, 



and 



••• OF = osin(^l-l) 



In the case of a liquid, such as mercury, for which the 
angle of contact is obtuse, it will be convenient to measure y 
downwards. 

The relation connecting r and y might have been obtained 
fix)m the equation t==pr, Art. 120, where p is the difiference 
between the pressures outside and inside the liquid at P. 

The pressure outside is the atmospheric pressure, and the 
pressure inside is less than the pressure at N by gpy : the 
difiference is gpy and therefore t=gpyr, 

154. To find the intrinsic equation, measure the arc from 
F, and the deflection <l> from FO ; 



A 
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then 
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ir'df~di~ '"" 
^ . ^ ds 
'Hf' 



> sin 0, 



- = log 






tan 

If we measure the arc <t and the deflectioD -^ from A and 
the taogertt at A, 

then, when 0=-^, s = -FA, 

and when ^ = ^-f. s = -{FA—tT), 

and we shall ohtain 

which ia the equation obtained in Art. 117. 

155. Form of the surface of a liquid bePiveen two paraZUl 
vertical plates, of the some substance, which are partially 
immers^ in the liquid. 
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In this case it will be convenieDt to take the axis Oy 
halfway between the plates, and the origin in the natural 
surface of the liquid, and further, to measure the deflection ^ 
from the tangent at A, 

As in the previous case the weight of the column PQMN 
is supported by the surfetce tensions at P and Q, 

Hence we obtain 

dy"- 



Since -^ = tan (f>, it follows that 

y V2 = c VC - cos <l>y 



and putting <f>= - — a, we find that the rise of the liquid in 
contact with the plates is 

j^ VO - sin a ; 
also, putting ^ = 0, we find that the elevation at A is 

ds c 
Since y jT = t > we at once obtain the intrinsic equation, 



<»9 V C - cos ^ 
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dsD 
Further, since t- = cos ^, 

oc _ t^ cos <f>dif> 



C Jo 



V(7 — cos ^ 
If we put (^ = TT — 2-^, 

C-cos</) = ((7+l)(l-^^sin'V^V 

2 

and therefore, if C + 1 = p , 

where ^< 1, *.' (7> 1, 

the intrinsic equation becomes 

fee i^\/l-Jfc*sin*>' 

In a similar manner x can be expressed in terms of 
elliptic integrals. 

If the distance between the plates is 2a, we also have the 
relation 



^ — f " cos <l>d<f> 
VO — cos</) 



2V2?=f 

c J( 



156. In any case in which the surface of a liquid is 
curved by capillary action, it follows, as in Art. 134, that, if 
t is the surface tension, r, r' the principal radii of curvature 
at any point, and p the difference of the pressures outside and 
inside the surface at the point, 

r r t 

Differential equation for the form of the surfouce of a 
liquid inside a vertical circular tube, which is partly immersed 
m the liquid. 
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Employing the figure of Art. 155 to represent a meridian 
section of the surface, we have the equation, 

11 _ gpy _ 4y 

gpy being the excess of the atmospheric pressure over the 
pressure of the liquid just beneath its surface. 

Hence, since r' = a? cosec ^, we obtain the equation, 

ePy dy 



da? 1 dx 4y 

\dx)\ 



k ^ ©} 



».« a=-(^^ fdy\\i c 



which may be written in the form 

^dy 
d dx 4zry 

We have also the boundary condition, that, if a is the 
internal radius of the tube, and if a is the acute angle of 
contact of the liquid with the surface of the tube, 

j^ = cot a, where a? = a. 
dx 

If the angle of contact is obtuse, the liquid will be 
depressed in the tube, and, if we measure y downwards, gpy 
will be the excess of the pressure of the liquid just beneath 
its surface over the atmospheric pressure. 

157. If a drop of liquid be placed on a horizontal plane 
the equation of equilibrium will be 

1 1 _m 

r'^r'" t ' 

where t is the surface tension, and -cj is the difference 
between the internal pressure and the atmospheric pressure. 

In general the drop will assume the form of a surface ot 
revolution. 
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Taking this case, let 11' be the pressure inside the liquid 





X 



B 



at that highest point, and H the atmospheric pressure; then, 
measuring x vertically downwards from the highest point, 

-cj = n' + gpx — n, 

' ' r r' t 

Hence, if a is the radius of curvature at the highest 
point, 

2 n'-n 



a 



t 



and 



r r a t a c ^ 



Taking the case of a drop of mercury upon glass, or of a 
drop of water upon steel, we observe that dy/dx is decreasing 
from the vertex downwards, and we obtain the differential 
equation of the meridian curve, 

da? 1 



'-©r ^ 



•^(1)} 



2 X 



or 



A. 
dx 



V 



+ 



2 X 



(l+p*)* ^(l+p')* « <' 
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Hence, if ^ is the iDclination of the tangent at any point 
of the meridian curve to the axis of a?, ^ = tan ^, and 



.*. cos 



\y dx) a c 



If the drop be large so that we may consider the top flat, 
and if we neglect the curvature of horizontal sections, the 
equation (a) becomes 

1 x 



r c* 



Tx 1 dr 1 dx ds r , 

1 dr cosA J 1 1 .- . -V 

observing that r = oc , when <^ = « . 

This equation of the meridian curve takes the form. 

In Cartesians, the equation (a) becomes 

d p _x 



h c 



dx (1 ^^.) 

so that — — — I = 1 — ^-^, since p = oc , when a; = 0, 
(1 +/)* ^c 



a?» 



or sin ^ = 1 — ^, . 

At the point where the tangent is vertical, p = 0, and 

.*. a? = c\/2. 

If a is the acute angle between the meridian curve and 
the horizontal plane, i.e. if tt - a is the Wi%le oiC ^QVi.\»RX. ^^ 

B.H. ^^ 
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the mercury with the plane, and if h is the height of the 
drop, 



<^ = — f ^ -- a j , when x = h. 



and 



.'. h= 2c cos ^ 



158. If a drop of mercury be placed between two 
parallel horizontal plates of glass, so near to each other 
that the action of gravity may be neglected, the pressure 
inside the drop will be constant, and, if the surface be a 
surface of revolution, we shall have the equation, 

1 1 tsr 

r r t 

where tsr is the excess of the inside pressure over the atmo- 
spheric pressure. 

In this case it will be convenient to measure x downwards 
from the plane which i^ midway between the two surfaces of 
glass, and we then have the equation 



O 



y 



X 



dp 



4- 



ZtT 



(1 + ff yi^^fi ^ 



2 
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Integrating, and taking I as the value of y when a? = 0, 

or by cos (l>=y^+lb — P. 

If the drop is so large that we can neglect 1/r', the 
meridian curve is circular, and r being its radius, 

t 
r = — . 

-07 

In this case if 2h is the distance between the planes 

2t cos a = (n' - n) 2h = 2^h, 

and /. r= Asec a, 

a being the acute angle between the mercury and the surface 
of each plate outside. 

159. If a drop of water between two parallel horizontal 
plates of glass takes the form of a surface of revolution, the 
surface will be anticlastic, since the angle of contact of water 
and glass is acute. 

In this case, if 11 is the atmospheric pressure, and 11' the 
pressure of the water inside the drop, and if r is the radius 




X 




y 



of curvature of the meridian curve, and / the radius of 
curvature of the perpendicular normal ^^cM\o\i, ^^X* Sa»> *^^ 
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length of the normal intercepted by the axis of the surfece, 
the equation of equilibrium is 

r r'~ t " t' 

for, in resolving along the normal, the resultant of two of the 
tensions will be outwards, and the resultant of the other two 
will be inwards in direction. 

Measuring x downwards, as before, from the plane which 
is midway between the plates, the equation becomes 

dp 
^dy 1 tsr 2 

(1+/)* y(l +;>•)* ^ ^ 

leading to the equation 

by cos <l> = lb'j-l*-'^. 

For a large drop, we obtain, as before, 

r = A sec a, 

a being the acute angle between the surface of the water, 
and the surface of each plate inside. 

160. The well-known experiment of floating a needle 
on the surface of water can be explained by aid of the laws 
of surface tension. 

The figure representing a section of the needle and the 




surface of the water at right angles to the axis of the needle, 
tie forces in action on the needle ate iVve tensions at P 



CAPILLARITY. 213 

and Q, and the water pressure on PAQy which is equal to 
the weight of the volume NPAQM of water; these forces 
counterbalance the weight of the needle. 

Further the horizontal component of the tension at P, 
together with the horizontal water pressure on BD, is equal 
to the tension at B, PD being horizontal and BD vertical. 

These conditions determine the equilibrium, and lead to 
the equations, 

2<8in(5 — a) + ^pc (c5 + c sin 5 cos 5 — 2Asin 0) = w 
4ft sin* — ^ — = gp (c cos — A)*, 

where a is the angle of capillarity, w the weight of the needle, 
h the height of its axis above the natural level of the water, 
and 20 the angle POQ. 

Liquid Films, 

161. Liquid films are produced in various ways ; a soap- 
bubble is a familiar instance, and liquid films may be formed, 
and their characteristics observed, by shaking a clear glass 
bottle containing some viscous liquid, or by dipping a wire 
frame into a solution of soap and water, or glycerine, and 
slowly drawing it out. 

The fact that films apparently plane can be obtained, 
shews that the action of gravity may be neglected in com- 
parison with the tension of the film. 

It is found that a very small tangential action will tear 
the film, and it is therefore inferred that the stress across any 
line is entirely normal to that line. From this it follows, as 
in Art. (136), that the tension is the same in every dilrection. 

162. Energy of a plane film. 

If a plane film be drawn out from a reservoir of viscous 
liquid, a certain amount of work is expended, and the work 
thus expended represents the potential enet^ q^ "^Vl^^ ^sJck^. 
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Imagine a rectan^lar film ABCD, bounded by straight 
wires A D, BO, AB bemg in the surface of the liquid, and CD 
a moveable wire. 

The work done in pulling out the film is equal to 
T . AB . ADy and therefore, if 8 be the superficial energy, per 
unit of area, it follows that 



fif = 



T. 



It should be observed that what we have here called the 
tension of the film is equal to twice the surface tension of 
either side of the film. 

163. A ivire in a vertical plane of any shape has a piece 
of thready of given length and weighty fastened at two points^ 
and the wire and the thread form the boundary of a plane 
liquid film. 

To find the form assumed by the thread, we shall express 
the condition that the potential energy of the system is a 
minimum. 




If A be the area OABG, the energy of the film 

= SA--J8ydxy 

and therefore if t^ be the weight of unit length of thread, the 
potential energy of the system is a minimum when 



fSydx + wfyds 



28 a maximum^ 



I 



/ 
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with the condition 

Jds=^l. 

We have then to find the condition that the variation oi 
the expression 

JlSy + {wy + X) Vl +p*] dx 

shall be evanescent. 

By the aid of the calculus of variations this leads tc 
the equation, 

, - w?/ + X 



. dx ' r xi. r a + by 

.*. -^ 18 of the form ^ 



dy Va + ^^ + 72/'' 

an expression which is easily integrated. 

This equation may represent, for certain values of the 
constants, a circle or a catenary, as is obvious d p^ori. 

164. The question can be otherwise treated by writing 
down the conditions of equilibrium of an element of the 
thread. 

Measuring the arc from 0, let be the inclination to OA 
of the tangent at P. 

Then, if t is the tension of the thread at P, and t the 
tension of the film, we obtain the equations, 

St + wSs . sin = 0, 

— = tBs + wSs . cos 6, 
r 

r being the radius of curvature of the tliread at P. 
Hence —- = — w, t = w (a — y), 

dp 
and .'. — 



(l+i> 



£^= _1 (r+ ^ ) 

p«)f w(a-y)\ (iJrp'r 



216 CAPILLARITY. 

Hence (a _y)|^(l +/)-*-(!+;,«)-*= I. 

which is the form obtained in the preceding article. 

In fact, if we assume that ^ = a, when y = 0, and that 
=r ^, when y = AB = k, the two unknown constants in each 
of the equations will be determined, and, observing that 
T = S, the same value of jo, as a function of y, will result £i*oni 
each equation. 

165. Energy of a spherical soap bubble. 

If p be the difference between the internal and external 
pressures, 2t =pr, and, assuming t constant, the work done in 
expanding from r to r + Sr, is 

p . 4i7rr^Br, or SirtrSr ; 

. •. the total work done in forming a bubble of radius c = ^Trtc^, 
and as before the superficial energy = t 

And, in general, whatever be the form of a film, its 
energy = t.S, if 8 be the surface, for the energy of a plane 
element = tBS, 



The Forms of liquid films. 

166. If the air pressure be the same on both sides of a 
film, the condition of equilibrium is that 

-+-=0, 
r r 

or that the mean curvature is zero. 

This condition is satisfied in the cases of the catenoid 
and the helicoid, which are therefore possible forms of liquid 
^Jms, 
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In Cartesian co-ordinates the equation becomes 

|l + /'^Vl— -2— — -^ ll (^-Vl^=0 
1 \dy) ) da? dx dy dxdy \ \dx) j dy^ ' 

as in Art (134). 

The discussion of this equation is the subject of many 
memoirs by eminent mathematicians, and several very re- 
markable special solutions have been obtained. 

For instance the surfaces, 

^.^cosy ^^^ 4sin^ = (€"-e-0(€«'-€-^), 
cos a? \ / \ /» 

will be each found to possess the property that its mean 
curvature is zero*. 

In Plateau's work, Sur les liquides soumis aux seules 
forces moleculaires (2 vols. 1873), will be found an elaborate 
account of the labours of mathematicians on this subject, and 
of his own extensive series of experiments ; and, in Darboux's 
Thdorie G4n4rale des Surfaces^ Tome L, Livre iii., there is a 
full discussion of minima surfaces, that is, of surfaces which 
satisfy the condition given above. 

167. If the form of the film be that of a surface of 
revolution, then taking the axis of the surface as the axis of z^ 

Substituting in the equation above, we obtain 

{/ {z)Y + 2r' - r'/' (^) = ; 
which, by transformation, becomes 

dz' \dz) 
Integrating, 

^ = ,,"— , and .-. ^ + 6 = a log(r + Vr^^V), 
dr Vy" _ a* 

* Catalan, Journal de VEeoU Poli|tecHnique,\%^. 
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z+b t+b 

or 2r=€ *• +a^€~ " . 

b h 

Assuming e" = ae", 

the result is 

t+h x+h 

2r = a(€'* +e" * ), 

shewing that a catenoid is the only possible form of revolution 
of a film when the pressure is the same on both sides. 

168. The same result is obtained by the principle of 
energy, for the surface 

f27ryds 

is then a maximum or a minimum, and, by the calculus 
of variations, this leads to a catenary as the generating 
curve, the axis of revolution being the directrix of the 
catenary. 

In Todhunter's Researches in the Calculus of Variations, 
it is shewn that it is not always possible, when a straight line 
and two points in the same plane are given, to draw a catenary 
which shall pass through the two points and have the straight 
line for its directrix. 

It is also shewn that, under certain conditions two such 
catenaries can be drawn, and that, in a particular case, only 
one such catenary can be drawn. The two catenaries, when 
they exist, correspond to the figure formed by a uniform end- 
less string hanging over two smooth pegs. 

When there are two catenaries the surface generated by 
the revolution of the upper one about the directrix is a 
minimum, but the surface generated by the lower one is not 
a minimum. When there is only one catenary, it is not a 
minimum. 

Hence it appears that if a framework be formed of two 

circular, wires, the planes of which are parallel to each other 

and perpendicular to the line joining their centres, it is not 

always possible to connect tke -s^ii^a by a liquid film. In 
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certaiD cases it is possible to connect the wires by one of two 
catenoids, but, in the case of the catenoid formed by the 
revolution of the upper catenary, the equilibrium is stable, 
while the other catenoid is unstable. 

When there is only one catenoid it is unstable. 

There is also a discontinuous solution of the problem, 
consisting of the two circles formed by the revolution of the 
ordinates of the points, and an infinitesimally slender cylinder 
connecting their centres. 

In the article on Capillarity in the British Cyclopaedia 
by Clerk Maxwell, the question is discussed in the following 
manner. 

When two catenaries, having the same directrix, can be 
drawn through two given points, and the catenoids are formed 
by revolution about the directrix, the mean curvature of each 
catenoid is zero. 

If another catenary be drawn between the two catenaries, 
passing through the same two points, its directrix will be 
above the directrix of the other two, and therefore its radius 
of curvature at any point will be less than the distance, along 
the normal, of the point from the first directrix. 

The mean curvature of the surface of revolution is there- 
fore convex to the axis, and it follows that if either catenoid 
is displaced into another catenoid between the two, the film 
will move away from the axis. 

Again, if a catenoid be taken outside the two, its mean 
curvature will be concave to the axis, and therefore if the 
upper catenoid be displaced upwards and the lower one 
downwards the film will, in each case, move towards the 
axis. 

Hence it follows that the outer of the two catenoids is 
stable, and that the inner one is unstable. 

This argument however does not apply to any other form 
of displacement, and therefore, for a complete proof of the 
case of stability, it is necessary to have recourse to the methods 
of the Calculus of Variations. 
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169. If the pressures on the two sides of a film be 
different, and if p be the difference, the condition of 
equilibrium is 

1 l_p 

or that the mean curvature is constant. 

We shall apply the principle of energy to prove this 
relation for the case of surfaces of revolution. 

The fact that p is constant may be expressed by closing 
the ends and assuming that the volume of air inside is 
constant. 

The variation of the expression 

/(27rycfo +\iry^dx) 
is therefore zero. 

This leads to 

dx _^c \y , d^x _ / c^ _ M ^ 

Hence, if PQ be the normal, 

1 1 ^ . cPx -1 dy 
PQ r ds r ds 

according as the curve is convex or concave to the axis of x; 
that is the mean curvature is constant. And, in the general 
case, we have to express the condition that the surface is 
a maximum or a minimum with a given volume, leading to 
the same general result*. 

170. If the film be in the form of a surface of revolution, 
we can shew that the meridian curve is the path of the focus 
of a conic rolling on a straight line. 

* See Jellet'a Calculus of yariatiotu, ot Tc^^xixitet'a Integral Calculus. 
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If p be the radius of curvature of the conic, and r the 
radius of curvature of the path of S, 

1 1 /» cos SPG » 



SP 



SP* 



1 PGP 

SP ~ PL 8P' ' ^^^S perpendicular to SP, 

1 PL 



8P ST" 

1 1__J PL 

"r'^8P~8P 87^' 

In the case of the parabola, this vanishes, and r = 

For the ellipse, 

SF*^ 8P.HP' ^"^ r^ 8P~ AC 



-SP. 



and for the hyperbola. 



1 J___ J_ 

r'^SP~ AC- 



' Bee Soulettes and Olmettet. 
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The first is the catenoid ; the second and third are called- 
by Plateau the XJndnloid, and the Nodoid, the former beings 





a sinuous curve, and the latter presenting a succession of 
nodes. 

To obtain a clear view of the generation of the nodoid, it 
must be considered that, as one branch of the hyperbola rolls, 
the point of contact moves off to an infinite distance ; the 
line then becomes asymptotic to both branches, and the 
other branch begins to roll, thereby producing a perfect 
continuity of the figure*. 

Of the numerous works and papers on the subject of 
liquid films the student will find full accounts in Plateau's 
work, and in Professor Clerk Maxwell's article in the British 
Cyclopaedia. 

EXAMPLES. 

1. Two spherical soap bubbles are blown, one from water, 
and the other from a mixture of water and alcohol : if the 
tensions per linear inch are equal to the weights of one grain 
and ^ grain respectively, and if the radii be ^ inch and 1 J 
inch respectively, compare the excess, in the two cases, of 
the total internal over the total external pressure. 

2. If two soap bubbles are blown from the same liquid, 
of radii r and /, and if the two coalesce into a single bubble 

* (Plateau, Vol. i. p. 136. See also an article by Delaunay, LiouviUe's Jour- 
naif 1841 f and an article by LamaxVe, BuUetitu de V Acoud^mxe BeXqique^ 1857.) 
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of radius JR, prove that, if 11 be the atmospheric pressure, 
the tension is equal to 

n R^^r'-r' 

If a soap bubble be placed between, and in contact with, 
two parallel plates, which are then slowly drawn apart, what 
are the forms, synclastic and anticlastic, which can be 
assumed ? 

3. The superficial tensions of the surfaces separating 
water and air being 8*25, water and mercury 42*6, mercury 
and air 55, what will be the effect of placing a drop of water 
upon a surface of mercury ? 

4. A drop of oil, placed on the surface of water, at once 
spreads itself out into a layer of extreme tenuity; explain 
the cause of this expansion of the oil, and prove, from obser- 
vation of an attendant phenomenon, that the thickness of 
the layer may become less than 00001 of an inch. 

What will take place if another drop of oil is placed on 
the surface ? 

5. Shew that if a light thread with its ends tied together 
form part of the internal boundary of a liquid film, the cur- 
vature of the thread at every point will be constant. 

If the thread have weight, and if the film be a surface of 
revolution about a vertical axis, prove that, in the position of 
equilibrium, the tension of the thread is 

I being its length, w its weight per unit length, and t the 
tension of the film. 

6. A plane liquid film is drawn out from a soap-sud 
reservoir ; prove that the numerical value of the energy per 
unit of area (e) is equal to that of the tension (T) per unit 
of length. 
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If the film be removed from the reservoir, and if o- denote 
subsequently the mass of unit of area, prove that 

de 



T^e-(T 



da' 



7. Any number of soap-bubbles are blown from t\x^ 
same liquid and then allowed to combine with one another. 
Find the radius of the resulting bubble, and prove that the 
decrease of surface bears a constant ratio to the increase of 
volume. 

8. The surface tension of water exposed to air is suci 
that the stress across an inch is equal to the weight of about 
3'3 grains. If 1,000,000,000 spherical drops combine to fonn 
a single spherical rain-drop ^ inch in diameter, shew that 
the work done by the surface tensions is equal to about 
•0001277 foot-pounds. 

9. If a film under unequal and external pressure form a 
surface of revolution, prove that the inclination ^ of the 
tangent plane at P to the axis is given by the equation 

, X h 
cos <p = - + - : 
^ a X 

X being the perpendicular from P on the axis and a, h con- 
stants. 

10. A drop of liquid with uniform surface-tension is 
made to revolve about an axis. Prove that the meridian 
curve of the surface will be the roulette of the pole of the 
curve 

« — J.. 

c r 

11. Two soap-bubbles are in contact; if r^, r,, be the 
radii of the outer surfaces, and r the radius of the circle in 
which the three surfaces intersect, 

A - 1 1 _ J 



4r^ r^ T* Tf 



V % 



I 
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12. If a frame of fine straight wire in the form of a 
tetrahedron be lowered into a solution of soap and water and 
drawn up again, there are found in certain cases plane films 
starting from the edges and meeting in a point. Shew that 
this is not a possible form of equilibrium for every tetrahedron, 
ftiid that it is so if one face be an equilateral triangle and the 
others isosceles triangles, whose vertical angles are each less 
than sec"* (— 3). 

13. If water be introduced between two parallel plates 
of glass, at a very small distance d from each other, prove 
that the plates are pulled together with a force equal to 

2Atcosa . ry^ . 

J f- Bt sm a, 

a 

A being the area of the film and B its periphery. 

14. A hollow right circular cone of glass is placed with 
its axis vertical and vertex upwards in homogeneous liquid. 
Find the height to which the liquid will be raised in the 
cone, and write down the differential equation of the surface 
inside. Deduce results for a cylinder. 

15. A needle floats on water with its axis in the natural 
level of the surface ; if <r be the specific gravity of steel 
referred to water, fi the angle of capillarity, and 2a the angle 
subtended at the axis by the arc of a cross-section in contact 
with the water, prove that 

(tto- — a) sin J (^ ~ /8) = cos a cos J (a +^). 

16. A capillary tube in the form of a surface of revolu- 
tion is partly immersed in a liquid with its axis vertical. 
Find the equation of the generatmg curve if the liquid is in 
equilibrium at whatever height it stands in the tube. 

17. A soap-bubble is filled with a mass m of a gas whose 

Pressure is A; x (its density) at the temperature considered, 
'he radius of the bubble is a, when it is first placed in air. 
The barometer then rises, the temperature remaining un- 
altered. Shew that the radius of tlift bxxVAAfe Yc^ct'^a.^^'^ ^cst 
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diminishes according as the tension of the film is greater or 

, ^, 9 hm 
less than - — k . 
8 ira 

18. Prove that the equation, 

e' cosh X = cosh y, 

represents a possible form of a liquid film, the pressure on 
both sides being the same. {Catalan.) 

19. If two needles floating on water be placed symmetri- 
cally parallel to each other, shew that they will be apparently 
attracted to each other, and that this is due to the surface 
tension. 

20. A small cube floats with its upper face horizontal, in 
a liquid such that its angle of contact with the surface of the 
cube is obtuse and equal to tt — a. 

If p is the density of the liquid, and a of the cube, and if 
gp(? is the surface tension, prove that the cube will float if 

- < 1 -f 4 cos a . -T, . 
p a 

21. Two equal circular discs of radius a are placed with 
their planes perpendicular to the line which joins their cen- 
tres, and their edges are connected by a soap film which 
encloses a mass of air that would be just sufficient in the 
same atmosphere to fill a spherical soap-bubble of radius c. 
If the film be cylindrical when the distance between the 
discs is 6, prove that in order that it may become spherical 
the distance between the discs must be lessened to 2z where 

z (So;' + 2^) jsc* - :3a6 + ^^^^M\ = 6a6c" (2a - c). 

I V a* + z* ) 

22. A firamework of wires forms a prism of height 6, the 
bases being equilateral triangles of side a. If the framework 
is dipped into soapy water, describe the arrangement of plane 
films in the state of equilibrium. Prove that for equilibrium 
^ be possible with plane films 6 must be greater than a/V6. 
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23. A film of fluid adheres to two wires each of which 
forms one turn of a helix, the axes of the two helices being 
coincident, and their steps equal. Shew that the condition 
of equilibrium of the film will be satisfied if the differential 
equation to any section of the film through the axis is of the 
form 

-when 27ra = 8tep of either helix: (i.e. distance between 
consecutive threads). 

• 

24. To the extremities of the axis of a wire helix of 
pitch 6, whose length is very great compared with its dia- 
meter, an elastic string (modulus of elasticity E) is fastened, 
the wire being bent over radially at each end so as to meet 
the axis. The string when straight is tight but unstretched. 
If the helix and string be dipped into a solution of soap and 
then removed with a film aohering to the wire and string, 
shew that, except near the ends, the string will be drawn 
into a helix of radius r where r is given, by the equation 

(167rWr - 647r«i&0 ^* + S27r*h!'TEr' + Sir^hTr' 

T representing the whole tension per unit of length (of both 
surfaces) of a soap-film. 



V^— "i* 



CHAPTER XI. 

THE EQUILIBRIUM OF REVOLVING LIQUID, THE PARTICLES 
OF WHICH ARE MUTUALLY ATTRACTIVE. 

171. If a liauid mass, the particles of which attract 
each other according to a definite law, revolve uniformly 
about a fixed axis, it is conceivable that, for a certain form of 
the free surface, the liquid particles may be in a state of 
relative equilibrium ; since, however, the resultant attraction 
of the mass upon any particle depends in general upon its 
form, which is unknown, a complete solution of the problem 
cannot be obtained. 

For any arbitrarily assigned law of attraction, the question 
is one of purely abstract interest, and it is only when the 
law is that of gravitation that it becomes of importance, from 
its relation to one of the problems of physical astronomy. 

We shall consider the fluid homogeneous, and confine our 
attention to two cases ; in the first of these the attractive 
forces are supposed to vary directly as the distance, and, in 
the second, to follow the Newtonian law. 

172. A homogeneous liquid mass, the particles of which 
attract ea^h other with a force varying directly as the distance, 
rotates uniformly about an axis through its centre of gravity ; 
required to determine the form of the free surface. 

The resultant attraction on any particle is in the direction 
of, and proportional to, the dislanGe o? ^^ ^^xtvde ^m the 
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<^^iitre of gravity ; and if /a be a measure of the whole mass 
of fluid, fjLXy fiy, fiz, may represent the components of the 
^t^tyraction, parallel to the axis, on a particle of fluid about 
^Ixe point x, y, z. 

Taking the origin at the centre of gravity, and axis of 
'dotation as the axis of -^, the equation of equiliDrium is 

dp = /) {{(o^o) — fix) dw + (a)^y ^ fiy) dy ^ fizdz] ; 

^xxd therefore 

At the free surface p is zero or constant, and the equation 
to the free surface is 



(i-'^')(x«+y*)+^=A 



the constant D depending upon a>, and upon the mass of the 
fluid. 

When ct> is very small, the free surface is nearly spherical, 
and as o)' increases from to fjb, the spheroidal surface becomes 
more oblate. 

When w* = fly the free surface consists of two planes ; to 
render this possible we may conceive the fluid enclosed with- 
in a cylindrical surfSu^e, the axis of which coincides with the 
axis of rotation. 

When «* > fi, the free surface is a hjrperboloid of two 
sheets, which for a certain value (o)') of o) becomes a cone, 
the fluid filling the space between the cone and the cylinder. 
Taking account of the volume of the fluid, the value of w 
can be determined by putting i) = 0, since the pressure in 
this case vanishes at the origin. 

If (o > ft)', the surface is a hyperboloid of one sheet, which, 
as ft) increases, approximates to the form of a cylinder, and it 
is therefore necessary, for large values of a>, to conceive the 
containing cylinder closed at its ends. 
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The results of this aarticle, it may be observed, are equally- 
true of heterogeneous fluid, whatever be the law of variation 
of density in the successive strata. 

173. A mass of homogeneous liquid, the particles of which 
attract each other according to the Newtonian law, rotates 
unif(yrmly, in a state of relative equilibrium,, about an a^ads 
through its centre of gravity ; required to determine a possible 
f(yrm of the surface. 

For the reason previously mentioned a direct solution of 
this problem cannot be obtained, but it can be shewn that an 
oblate spheroid is a possible form of equilibrium. 

Let the equation to the spheroid be 

c«"*"c«(l+\*)" ' 
the axis of rotation being the axis of z. 

Then the resultant attractions, towards the origin, on a 
particle at the point (a?, y, z) will be represented by 

Z = ^{(l + \«)tan-^\-\}, 
^=^5^-Kl+^0tan-^^-X}, 

^=*5ef {x-tan-*X} (1 +\»), 

parallel, respectively, to the axes*. 

We have then for the surfaces of equal pressure, putting 
€ tor 



47rp' 

{2€\" + A. ^ (1 + X") tan"* X} {xdx + ydy) 

+ 2 (tan"'X - X)(l + X') zdz^^, 

* These expressions will be found in Laplace's AUoaniqtie Cileste, Pois- 
son's MScaniquBy DnhamePs M4canique, and Todhunter's Statics. In the 
last named, the equation to the spheroid is (x^^y^ d'-^z^la^ (1 -e^ = l, bat 
the expressions used in the text will result from the expressions there given 
hy putting 1 - «2= 1/(1 + xa). 

Bf the use of \, irrational quantities oixe vioidied. 
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But, frpm the equation to the spheroid, 

xdx + ydy + (1 + V) zdz = 0, 

and, as these equations must be identical, 

26V + \-(l +X') tan'* \ = 2(tan"* X - \) ; 

an equation the roots of which determine the possible values 
of X. 



It may be written 

3V+26V 



-tan"'\ = (a), 



and the question is reduced to the discussion of the roots of 
this equation. 

For this purpose consider the curve 

2^ = -3^^ - **"' "^ ^^>- 

The abscissae of the points where this curve cuts the axis 
of X will be the values of X required. 

It must be observed that, in the equation (a), tan"'X is the 
least positive angle whose tangent is X ; we have therefore 
only to consider one branch of the curve ()8). 

If the signs of x and y be changed, the equation is unal- 
tered ; the curve is therefore the Same in the compartment 
— ^> — y> as in +a?, + I/, and it is suflScient to examine the 
nature of the positive portion of the branch. 

When a? = 0, y = 0, and as x increases from zero, y begins 
by being positive, and when x increases indefinitely, has 
always positive values ; hence the curve cuts the axis of x in 
an even number of points, exclusive of the origin. 

dy 2a !' [ex"" -f 2 (oe - 1) 3?^ -f 9e| 
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dyjdx is therefore zero at the origin (a point of inflection), and 
also at the points given by 

€a;*+2(5e-l)a;^ + 9€ = (7). 

If the values of a?, obtained from this equation, be real, 
and positive, there will be a maximum and a minimum 
value of y ; the former, corresponding to the smallest root, 
will evidently be positive, since y begins by being positive ; 
if the latter, corresponding to the greatest root, be negative 
or zero, there will be two zero values of y or one only, and 
consequently two possible spheroidal forms of equilibrium, or 
one only. 

If the minimum value of y be positive, there will be no 
zero value of y ; that is, the equilibrium of the fluid in the 
form of a spheroid is impossible. 

174. The preceding investigation may be illustrated by 
tracing the curve ()8) for different values of €. 

TT 1 

Putting tan"* a; = o "~ tan"*- , and expanding, we obtain 

y = 2€A'-|, 

as the asymptote of the branch of the curve under considera- 
tion, and the appended figures exemplify the different cases 
above mentioned. 




/ 



X 
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Numerical Calculation, 

175. To calculate the limiting value of ta for which the 
spheroidal form is possible. 

The equation (7) may have positive roots if 5€ < 1 ; more- 
over the values of a?' will be real, and positive, if 

(l-5€)*>9€*, orl-5e>3e; 

i.e. € < ^. 

The superior limiting value of e can however be obtained 
very approximately from the condition that, in the extreme 
case of possibility, the minimum value of y is zero. 

We have then y = and ;^ = 0, simultaneously. 

Hence, substituting in (/S) the value of e obtained from 
(7), and putting y = 0, we have 



(a;'+l)(a;*4-9)(a?« + 3) 



— tan"*a; = 0, 



x(7a^ + 9) . .J ^ .^. 

or / a \ x / a o\ ~ ^ftP a; = (0). 

An approximate value of the positive root of this equation 
vnli be a value of 00, which, substituted in (7), will give 
approximately the superior limit of the value of e. 

Since a)* = 47r/9€ this determines the greatest possible 
rate of rotation consistent with the existence of a spheroidal 
form. 

When Q) is less than the limiting value thus obtained, 
there will be two spheroids, either of which will be a possible 
form of the rotating fluid. 

176. Approximate determination of the positive root of 
the equation 

X (7a?' + 9) 



(^+ !)(«:»+ 9) 



— tan"*« = 0» 
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Denoting the first member by / (a?), it will be found that 

this is positive from a; = to a? = \/3, and is afterwards 
negative ; / (x) therefore increases until x = \/3, and then 
diminishes ; and, since / (0) = 0, f(x) begins by being 
positive. 

By the use of the formulae 

tan"'*2 = ^ + tan"'*^ 

tan"*3= T + tan'^i, 
4 

it will be found without much difficulty that the root lies^ 
between 2 and 3, but the application of Newton's method, 
with the value 2 as an approximate one shews that a closer* 
limit will be convenient. 

If then 2*5 be substituted we obtain, by the aid of the 
formula 

tan"* (2-5) = tan"' (2) + tan"' ^, 

/(2'5) = 'O025 approximately. 
Let ic = 2*5 + y, 

then, approximately, y = - f(2'^) * 

but / (2-5) = - -085, nearly ; 

.\y= 0293 and a? = 2-5293. 

The substitution of this value in (7) will give 

6=1123. 

ft)' 

as the greatest possible value of e or -j — . 

Hence, when a> is such that e < '1123, there are two sphe- 
roidal forms of equilibrium. 



THE EQUILIBRIUM OF REVOLVING LIQUID. 235 

If € is very small, one of the values of x (i.e. \) will be 
very small and the other large, and therefore as e decreases, 
the one spheroid becomes very oblate and approximates to 
a plane lamina, while the other approaches to the form of a 
sphere. 

To find the small value of \ which satisfies the equation 

-tan"'X = 0, 



3\ + 2€\' . _i 



3+V 
expand in ascending powers of X, and we obtain 

X* = -5- approximately. 

This gives a spheroid very slightly oblate, the ratio of its 

15e 
axes being V(l + X*) : 1, or very nearly 1 + ^ : 1. 

The large value of X is obtained by putting 

tan"^X = « — tan"*- , 

^ X 

^nd expanding in powers of - , a process which gives 

X 

TT 8 

X = 7 \r terms involving positive powers of e, 

as an approximation. 

If 71 be the ellipticity of the spheroid, 

cVl + X^-c X* . , , 

^ " cVfTx' ^ 2 aPP^<>ximately. 

.-. 4w = 2X*=15€, 
or l&irpn = loay'. 

177. Application to the case of a fluid, the density of 
which is equal to the Earth's mean density. 

If r be the Earth's radius and p the mean density of the 
Earth, ^irfyr is the attraction at the surface of a sphere of 
fluid of the same radius as the Eart\i, and oi d<eYi"&\\r3 ^. 
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Suppose for a moment that the Earth is homogeneous, 
and spherical, then ^irpr measures the force of gravity at the 
pole. 

But, since e = (o^j^irp, and therefore Se = (oV/^irpr, 
Se : 1 :: difference of the measures of gravity at the pole 
and the equator : gravity at the pole (g). 

Taking a second and a foot as the units of time and 
space, ^r = 32 approximately, r = 4000 x 1760 x 3, and it will 
be found that the time of rotation, 27r/(», giving by the limit- 
ing value '1123 of €, is a little more than y^^th of a day. 

This then is the smallest time in which a homogeneous 
fluid mass, of density equal to the Earth's mean density, 
could rotate uniformly so as to be spheroidal in form. 

178. The Earth, as is known by geodetic measurements, 
differs very slightly in its form from a sphere, and we can- 
therefore apply our equations with great ease to the ques— 
tion of the homogeneity of the Earth, assuming it to hav^ 
taken its present form when in a state of fluidity, or t(^ 
be now a mass of fluid contained within a comparatively 
thin crust. 

It has been found by observation, that for the Earth the 
ratio a)V : g is about 1 : 289, and we have therefore 

But from Art. (176), \^ = -^ = ^5, 
and the ratio of the axes of the spheroid 

= 14-^ : 1 = 232 : 231, nearly. 

This result does not accord with the facts obtained 
by actual measurement, which give 301 : 300 as an approxi- 
mate value of the ratio. 

The inference is that the Earth is not homogeneous. 

179. The foregoing articles are taken chiefly from 
Laplace, M((canique Celeste, Tome 11. 
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It must be observed that the general problem of the form 
of a rotating fluid is not solved ; all that is shewn being that, 
in certain cases, an oblate spheroid is a possible form of 
equilibrium. 

If CO be such that € > 1123, it does not follow that equi- 
librium is impossible, but only that the spheroidal form 
caxmot exist for that particular angular velocity. 

If we put — X" for X", taking V* as a positive quantity less 
than unity, the equation (7) of Art. 178 becomes 

€V*-2(5€-l)V* + 9€ = 0, 

or €(1 - V») (9 -V) + 2X'« = 0, 

an equation which has no root less than unity. 

From this it follows that a prolate spheroid is not a 
possible form of equilibrium*. 

180. An important distinction has been pointed out by 
I^oisson (Tome IL p. 547), between the surfaces of equal 
pressure in a fluid at rest under the action of extraneous 
forces, and in a fluid at rest, or revolving uniformly about a 

fixed axis, under the action of the mutually attractive forces 

of its particles. 

Let ABC be the free surface, and DEF any surface of 
equal pressure ; then, in the former case, the resultant force 
at any point of DEF is perpendicular to the surface at that 
point, and is unaflfected by the existence of the fluid between 
ABC and DEF; this fluid could therefore be removed with- 
out affecting the equilibrium of the fluid mass bounded by 
DEF. In the latter case, the force at any point of DEF, 
although perpendicular to the surface at that point, is the 
resultant of the attractions of the mass of fluid contained by 
DEF, and of the mass contained between DEF and ABC; 
these two components of the resultant force are not necessarily 
perpendicular to the surface, and the fluid external .to DEF 
cannot in general be removed without affecting the equi- 
librium of the remainder, 

* MSc. Cileste, Tome n. p. 69. The proof is also given in Pontdconlant's 
Systtme du Monde, Tome 11. p. 401. 
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If, however, the fluid be homogeneous, and the particles 
attract each other according to the Newtonian law, so that 
the free surface may be spheroidal, the surfaces of equal 
pressure will be similar spheroids ; and in this case, since the 
resultant attraction of an ellipsoidal shell, bounded by two 
concentric, similar, and similarly situated ellipsoids, on an 
internal particle is zero, the portion of fluid between ABC 
and DEF may be removed, provided the rate of rotation 
remain unaltered. 

Moreover we have shewn. Art. (173), that for a given 
value of 0) not exceeding a determined limit, there are two 
possible spheroidal forms : let ABG^ the free surface, have 
one of these forms, and describe within the fluid mass a 
concentric spheroid, OHK, similar to the other spheroid; 
then the fluid between ABC and OHK may be removed 
without affecting the fluid mass OHK, 

The action of the shell upon a particle at a point P of 
the surface OHK is not perpendicular to the surface at P, 
but this action, combined with the attraction of the mass 
OHKf and the hypothetical force measured by a)V, is perpen- 
dicular to the surface, at P, of the spheroid passing through 
P, which is concentric with, and similar to, the surface ABC. 

In other words, the direction of sensible gravity, that is, 
of the weight, of a particle on the surface is normal to the 
surface, and of a particle inside, normal to the surface of equal 
pressure which passes through the particle. 

In the same manner if the free surface, ABC, have one of 
the possible forms, we can imagine a concentric shell of liquid 
added to the mass, and having its outer surface of the same 
form, or of the other form. 

In the former case, ABC will still be a surface of equal 
pressure, but, in the latter case, ABC will cease to be a 
surface of equal pressure, since the new surfaces of equal 
pressure will be similar and similarly situated to the outer 
surface. 

181. If a fluid mass be set in motion, about an axis 
through its centre of gravity, mtliwi angular velocity such as 
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to make the value of e greater than the limit obtained in Art. 
(175), it does not follow that the fluid cannot be in equi- 
librium in the form of a spheroid, for it may be conceived 
that the mass will expand laterally with reference to the axis, 
taking a more flattened shape, until its angular velocity is so 
&r diminished as to render the spheroidal form possible. 

If the mass consist of perfect fluid, its form will oscillate 
through the spheroid of equilibrium, but if, as is the case in 
all known fluids, friction be called into play by the relative 
displacement of the particles, the oscillations will gradually 
diminish and at length a position of equilibrium will be 
attained. Employing the principle that the 'Angular mo- 
mentum' of the system, relative to the axis, will remain 
constant, we can determine the final angular velocity, and the 
form ultimately assumed*. 

Considering the question generally, suppose the mass of 
fluid set in motion in any way, and then left to itself; the 
centre of gravity will be either at rest or moving uniformly in 
a straight line, and all we have to consider is the motion 
relative to the centre of gravity. 

Draw through the centre of gi'avity the plane, in the 
direction of which the angular momentum is a maximum ; 
then, however during the subsequent motion the fluid 
particles act on each other, this plane, which may be called 
the * momental ' plane, will remain fixed, and when the 
motion of the particles relative to each other has been de- 
stroyed by their mutual friction, the axis perpendicular to 
this plane will be the axis of rotation of the fluid mass in 
its state of relative equilibrium. 

Let 2H be the given angular momentum of the system, 
and 0) its ultimate angular velocity. 

Taking c and c V(l + ^') ^or the axes of the spheroid of 
equilibrium, and M for the mass, the expression for the 
angular momentum is f Mc^ (1 + X*) w ; 

/. ^JIfc*(H-V)a> = fl^; 

* The angular momentam of a system, relative to an axis, is the sum of 
the moments of the momenta of the several particles of the system about 
the axis. 
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we have also i'n'pc^ (1 + X') = M, 

and from these two equations, combined with the equation, 

^^^y - tan-^^ = ... Art. (173), 

the values of c, a>, and \ can be determined. 
From the first two we obtain 

—p (1 + \*)~ , supposed ; 

3\ + 2pX» (1+ X')-* ^ .,. - 
••• 3 + X' -ten'X = 0, 

is the equation which determines X. 

The left-hand member of this equation is positive when 
\ is very small, and negative when \ is indefinitely large, 
and the equation has therefore a positive root ; consequently, 
the fluid mass will at length attain a spheroidal form of 
equilibrium. 

It can be shewn moreover that the equation has only one 
positive root, and therefore there is one spheroidal form, and 
one only, towards which the oscillating fluid mass continually 
approximates. 

This discussion is taken from the Micaniqvs Celeste, 
Tome II. p. 71, and from Pont^coulant's Systime du Monde, 
Tome IL p. 409. 

182. It was discovered by Jacobi that an ellipsoid with 
three unequal axes is a possible form of relative equilibrium 
for a mass of rotating liquid. 

The following proof of Jacobi*s theorem is taken firom a 

paper by Liouville in the Journal de VEcole Polytechnique, 
Tome XIV. 
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Taking the axis of rotation for the axis of z, suppose, if 
possible, that the surface of the liquid is of the form given by 
the equation 

'"' +rT^ + ^' = ^' (!)• 



Then, if M be the mass of the liquid, the resultant atti-ac- 
tions on a particle at the point (a?, y, z) of the surface are 
respectively Ax, By, and Gz*, 

where ^ =-^ J ^(i +;,V)^' 

3i^ p u'du 



C 



_ SM p u'du 



H 

H representing the expression 

V(iTxv)7r+vv). 

The diflferential equation of the free surface is 
{Ax — ®'a?) dx + {By — (o*y) dy + Gzdz = 0, 
and therefore, if the free surface be the ellipsoid (1), 

(^ -««)(! +X«) = (J?-a>«)(l+\'«)= (7 (2). 

Eliminating o)', we obtain 

(1+V)(H_V»)(^»B) = C'(V«-V), 
and, substituting for J., jB, and (7, this reduces to 

Rejecting the solution \' = X, which leads to the case of 
an oblate spheroid, and transposing, we obtain 

(^ u^ (1 ~^')(1 -X'XV) du _^ 

Jo IP ^ ' 

an equation which, if X be assigned, determines X^ 

♦ SeeiiheM^cam'gtie Cileste, Tome ii., or BulnttmeV^ Cout« de ^^caux^^^- 
B. H, \^^ 
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Assigning a positive value to \\ the left-hand member of 
the equation is positive if X' = 0, and is negative if V = oo ; 
hence there is a positive value of \" which will satisfy the 
equation. 

Moreover, from the equations (2), 

C 



a>'=J.- 






1+X' 



o(i+x*)(i+xV)ir' 

and fi>* is therefore a positive quantity. 

Hence it is completely established that an ellipsoid with 
three unequal axes, the smallest of which coincides with the 
axis of rotation, is a possible form of the free surface. 

183. The resultant action of gravity at the sur&ce is the 
resultant of the forces (J.— ®') a?, (5 — (»*)y, and Cz, and 
is therefore inversely proportional to the perpendicular from 
the centre on the tangent plane. 

Also, bearing in mind that the attractions of the liquid on 
an internal particle are Ax, By, and Cz, and utilizing 
Leibnitz's theorem, it is easily shewn that the resultant 
stress across any central plane section is perpendicular to 
that plane, and proportional to its area. 

184. It was pointed out by Mr Todhunter, and demon- 
strated in the following manner, that the relative equilibrium 
of the rotating ellipsoid cannot subsist when the axis of rota- 
tion does not coincide with a principal axis. 

Referred to the principal axis, let Z, m, w, be the direction 
cosines of the axis of rotation, Af any point (a?, y, z) of the 
mass, and N the foot of the perpendicular from M upon the 
axis. 

Then ON^lx + my-hnz, 

and, if ON^ v, the co-ordmatea oi N «t^ U^ ww^u^j. 
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The acceleration od^MN, when resolved parallel to the 
axes, gives rise to the components 

(»' (x — Iv), (»' (y — mv), fi>" (z — nv) ; 

therefore the dififerential equation of the free surface is 

{©'(a?— Iv) —Ax] dx+ {(o\y—mv) —By} dy+ {(o^(z - nv) —Gz] dz= 0; 

hence the form of the free surface is given by the equa- 
tion, 

©'(ic'+^H-^)— fi>'(fcc+my+w5)'— ^ic*— -By'— 0/=constant, 

and this cannot represent an ellipsoid referred to its principal 
axes, unless two of the quantities I, m, n, vanish. 

Mr Greenhill remarks that a particle of the liquid at the 
end of the axis of rotation will be at rest under the action of 
the attraction of the liquid alone, since the expression oV 
vanishes at that point. 

Hence the attraction on the particle must be normal to 
the surface, which is only the case at the end of an axis. 

185. The following demonstration of Jacobi's theorem 
was given by Archibald Smith in the first volume (page 90) 
of the Cambridge Mathematical Journal, in 1838. 

If a mass of liquid revolves, as if rigid, about the axis of z 
with the angular velocity fi>, and if X, F, Z, are the com- 
ponents of the attraction at the point {x, y, z\ the equation of 
the free surface is 

(Z - o'a?) da: + ( F - ©'y ) dy + Zdz = 0. 

Now, if the free surface is an ellipsoid, 

X=^Ax, Y^By, Z^Gz, 

where A, B, G are independent of a?, y, z. 

Hence, if a, b, c are the semi-axes of the ellipsoid, we have 
if possible, to identify the equations, 

{A - ©') xdx + (J? - o)') ydy 4- Gzdz = 0, 
^^dx + ^^dy + ^^dz^Q, 
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We must therefore satisfy the equations, 

from which, by the elimination of X and co*, we obtain 

aV(B'-A)-(a'-b')c'C = (a). 

Now, if D= {(a' + u) (b' + u) (c» + u)}K 
and if M is the mass of the liquid, 



The equation (a) then becomes 



r «-7«\ r^i ?'^' c' 1 



= 0. 



If a is different from 6, the relation between the axes 
must satisfy the equation 

Jo U^ W'^y' ?"^a^6V"" 

If a and 6 are given this is an equation for determining 
c, and, since the left-hand member is negative when c = 0, 
and positive when c = oo , there must be one real value of c 
which satisfies the equation. 

Since ujIJ^ is positive, and since 

1 1 _ 1 u_ 

is positive if u is large enough, it follows that, when w is 
small, this last expression must be negative. 

* See Thomson and Tait's Natural Philosophy, Art. 494 n, or Minchin's 
Statics. 
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Hence it appears that 

111 

and therefore that c is less than the least of the two quantities 
a and h. 

To find the angular velocity, we have 

" vdu 



= W«^-^^)/o(^ 



{d?-¥u){}?-\-u)D' 
and therefore, if a is different from 6, 



0)» 






and, this expression being a positive quantity, a possible 
value of o> is obtained, and it is established that an ellipsoid 
with three unequal axes is a possible form of a mass of liquid 
rotating about the smallest axis. 

186. It can also be shewn that, theoretically, an elliptic 
cylinder is a possible form of the surface of an mfinite mass 
of homogeneous gravitating liquid, rotating, as if rigid, about 
the axis of the cylinder. 

If a and h are the semi-axes, the components of the 
attraction at the internal point Xy y, are 

4f7rpbx J ^irpay 
aT6 a + 6 ' 

(Thomson and Tait, Art. 494 p\ and the equation of the free 
surface is therefore 

Identifying this equation with 

xdx .ydy_^ 
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we find that 

©2 = 4rn-pab/ (a + b)\ 

In Part ii. Vol. i. of Thomson and Tait's i\i 
Philosophy an account is given of some of the various 
which can be assumed by a mass of gravitating liquid 
in a state of uniform rotation, and of the stability, 
stability, of some of these forms. 

The student may also consult the article by Poin< 
the seventh volume of the Acta Mathematica, Stocl 
1885. 



MISCELLANEOUS EXAMPLES. 

1. A hemispherical bowl is filled with liquid, the density 
of which, at the depth -sr, is a + ^z. Prove that the whole 
pressure is the same as if the liquid were of uniform density 
equal to the density at the depth of one-third of the radius. 

2. A quantity of elastic fluid whose particles attract 
one another according to the law of nature fills a sphere 
in whose centre resides a central force fijp. The radius of 
the sphere is c and the mass of fluid (2/c —/a) c, where pK=p, 
Shew that the conditions of equilibrium are satisfied if p x 
inversely as r^. 

3. A sphere (radius c) is just filled with water, and 
rotates about a vertical axis with angular velocity ©, such 
that Scco' = 2g ; prove that the pressure in the surface of 
equal pressure which cuts the sphere at right angles is 
Sgpc -^^i, p being the density of water. 

4. A spherical shell, whose interior radius is a, is filled 
with liquid of uniform density />, and revolves with uniform 
angular velocity o) about the vertical diameter of the shell ; 
shew that, if the total normal pressure on the upper half of 
the shell be to that on the lower half as m : n, the pressure 
at the highest point of the liquid is 
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5. A mass of liquid is contained between three co- 
ordinate planes, each of which attracts with a force varying 
as the distance, and the absolute forces of attraction /ic, ii\ fi ' 
are in harmonic progression. Half an ellipsoid is fixed with 
its plane face against one of the co-ordinate planes, and its 
surface touching the other planes, its axes being parallel to 
the co-ordinate axes and inversely proportional to 

V/A, fs/fl, ^/m\ 

If there be not sufficient fluid quite to cover the ellipsoid, 
the uncovered part will be bounded by a circle. 

6. A mass of liquid is subject to the mutual gravitation 
of its particles, and to a repulsive force tending from a plane 
through its centre of gravity and varying as the perpendicular 
distance from that plane; shew that the conditions of 
equilibrium will be satisfied if the surface be a prolate 
spheroid of a certain ellipticity, provided the repulsive force 
be not too great. 

7. A triangular area is immersed in a fluid with one 
side in the surface ; the ellipse of largest possible area is 
inscribed in it ; shew that the depth of the centre of pressure 

of the remainder of the triangle is o^ To _ i a ~ ^^ ^^® depth 
of its lowest point. 

8. Fluid self-attracting, according to Newton's law, just 

. iC* V* ^ 
fills a vessel in the form of the ellipsoid i + n + ~8 = 1 > ^^ 

the pressure at any point, and the points of maximum and 
minimum pressure on the vessel. 

9. If a, )8, 7, S be the depths of the corners of a quadri- 
lateral area which is wholly immersed in liquid, and h 
the depth of its centre of gravity, the depth of its centre of 
pressure is 

J^(ar+,S -1-7 + 8)- ^j^(i87 + 7a + a/9 + aS + /3S-|-7S). 
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10. A conical vessel of height A, vertex downwards, is 
filled with liquid the density of which is \x, x being the 
depth. This is poured into another vessel in the form of a 
surface of revolution, and it is found that the new density is 
fio^. Prove that the form of the vessel is given by the 
equation, 

3/* + ^*= -Y^U-r^j tan'a. 

11. An embankment of triangular section ABC supports 
the pressure of water on the side BG : find the condition of 
its not being overturned about the angle A when the water 
reaches to B, the vertex of the triangle : and shew that, when 
the area of the triangle is reduced to the minimum consistent 
with stability for a given depth of water, 



tan G = - — 5^ 

3 — s 



tan A = , 

s— 1 

where s is the specific gravity of the embankment. 

12. A vessel of given capacity, in the form of a surface 
of revolution with two circular ends, is just filled with 
inelastic fluid which revolves about the axis of the vessel, 
and is supposed to be free from the action of gravity : in- 
vestigate the form of the vessel that the whole pressure 
which the fluid exerts upon it may be the least possible, the 
magnitudes of the circular ends being given. 

Shew that, for a certain relation between the radii of the 
circular ends, the generating curve of the surface is the 
common catenary. 

13. A mass of fluid is in equilibrium under the action of 
its own attraction : prove that the pressure at any point 
{x, y, z) is given by the equation 

dx \p ax) ay \p ay J dz \p dzj ^ 

where /> is the density at {x, y, z). 
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An infinite mass of fluid such that p = kp*, where & is a 
constant, surrounds a rigid spherical shell and is in equilibrium 
under its own attraction, the pressure at infinity being 11 : 
find the pressure at any point 

14. A bridge of boats supports a plane rigid roadway AB 
in a horizontal position. When a small moveable load is 
placed at the bridge is depressed uniformly; when the 
load is placed at a point G the end A is unaltered in level ; 
when at D the end B is unaltered in level ; and when at P 
the point Q of the roadway is unaltered in level. 

Prove that AG, GC^^BG. GD^PQ.OQ; emd that the 
deflection produced at a point jR by a load at P is equal to 
the deflection produced at P by the same load at R. 

15. A cup floats upright in oil, and is ballasted with 
water; find its form and sketch it, when the difiFerence of 
level of the two liquid surfaces is the same for all degrees of 
immersion. 

16. If a liquid be inclosed in a vessel of any form and 
be allowed to run into another vessel of different form, and if 
p be the pressure at a?, y, z, in either of the vessels referred 
to rectangular co-ordinates independent of them, the difference 
between the two values of JJJp dx dy dz differs from the work 
done by the liquid in running from the upper to the lower 
vessel by the work required to bring the surface of the fluid 
in the lower vessel to the same horizontal plane with the 
original surface in the upper. 

17. A vessel in the shape of a paraboloid of revolution 
contains some fluid which is rotating about the vertical 
axis of the paraboloid. Find the angular velocity when the 

fluid begins to spill, and shew that, if this is V^r/i, the vessel 
must have been half full of fluid. 

If the paraboloid be not of revolution but of the form 
s = J +j}, the axis of z being vertical, and if z^, z^he the 
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greatest and least heights of the curve ia which the surface 
of the fluid meets the vessel, prove that 



Ci> 



2 



z^ z^ 2gc^ 

where c is the distance between the vertices of the two 
paraboloids. 

18. A hollow vessel in the form of an anchor ring, just 
filled with water, spins uniformly round the vertical axis of 
generation, the whole moving as a solid ring. Find the 
whole pressure on the internal surface. 

19. A cylindrical diving-bell is suspended with its axis 
vertical at a depth such that the water rises half-way up the 
bell : find the least distance of the centre of gravity of the 
bell from the centre of its upper surface, consistent with the 
condition that the equilibrium may be stable with reference 
to an angular displacement of the axis. 

20. Incompressible fluid is at rest under the action of 
forces 

fJLO! fjuy flZ 

""o^' "F' "■?' 

respectively parallel to the axes, and a particle, the density 
of which is less than that of the fluid, is placed anywhere in 
the sur£Etce 

prove that, neglecting the resistance, the velocity of the 
particle when crossing the surface defined by the quantity 
m' varies as 

Vm' — m, 

21. An elastic spherical envelope is in equilibrium when 
it contains air at twice the atmospheric density, and its 
radius is twice the natural size ; if the barometer fall l/n^ 
of an inch, find the time of a small oscillation in the magni- 
tude of the envelope. 



252 MISCELLANEOUS EXAMPLES. 

22. A right cone rests in a vessel containing equal 
depths of two given fluids, with its vertex fastened to 
the bottom and its axis vertical. Find the condition for 
stable equilibrium. 

23. A straight uniform rod consisting of matter attract- 
ing as (dist.)"* is surrounded by fluid at rest subject to its 
attraction only; shew that the difiFerential equation to the 
meridian sections of the surfaces of equal pressure can be put 
in the form 

r, r being the distances of the point xy from the ends of the 
rod, and 'if the angle subtended by the rod at that point. 

24. A rigid spherical envelope of radius a is filled with 
elastic fluid of mass M which is acted on by a repulsive 
force = /A (dist.)' from a point in the surface of the envelope : 
shew that the total normal pressure on the envelope is 

\ xe ^ ax 
^^^M^J^ 






0* 



25. A portion of a paraboloid, latus rectum 4a, is cut off 
by a plane perpendicular to the axis at a distance 3a from 
the vertex ; if the vertex of the paraboloid be fixed at a 

depth ^ a beneath the surface of a liquid, shew that it will 

rest with the focus in the surface if the ratio of the density of 
the liquid to that of the solid be 729 : 232. 

26. A mass {M) of fluid, in which the density at any 

Eoint is the sum of a given constant quantity and a quantity 
earing a given constant ratio to the pressure at that point, 
revolves about a fixed axis with a given constant angular 
velocity, and is attracted to a point in that axis by a given 
force which varies as the diata\ice*. ^vid the form of the firee 
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surface ; and shew that its least semi-diameter (b) is deter- 
mined by the equation, 

fb «^?* 
M = m I e ^^ a?dxy 
J 

when 771 and c are given constants. 

27. A centre of force, repelling inversely as the square 
of the distance, lies below the surface of a homogeneous 
inelastic fluid, which is also acted on by gravity and is at 
rest : the intensity of the force, at a point in the surface of 
the fluid vertically above its centre, is equal to that of 

fravity : prove that the external surface of the fluid has a 
orizontal asymptotic plane, and that the centre of force is 
environed by an internal cavity, the summit of which is at the 
external surface of the fluid. 

Find the volume of the cavity in terms of its length. 

28. A right prism on a square base has another prism, 
also on a square base, attached to it, so that their axes are 
coincident and sides parallel, and the whole floats on a fluid 
with their common plane in the plane of floatation. If the 
sides of the bases of the two prisms are in the ratio 2:1, 
find their limiting heights in order that the equilibrium 
may be stable. 

29. A heavy cube is moveable about an axis, which 
passes through, and bisects, the opposite sides of one face ; 
this axis being fixed horizontally within an empty vessel, so 
that the cube is suspended in the position of equilibrium, 
find the depth to which fluid must be poured in, so as to 
render the equilibrium unstable, and the greatest ratio of the 
densities of the cube and fluid, that this may be possible. 

Supposing the cube half immersed and the equilibrium 
stable, find the time of a small oscillation. 

30. A cylinder whose axis is vertical is floating in a fluid 
in which the density at any point varies as the n power q€ 
the depth ; the cylinder is depressed tWV \\a 'vxyC^'^ ^\A Nj^^Jv* 
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coincides with the surface of the fluid, and on being let go 

it rises just out of the fluid ; shew that, when the cylinder 

was floating, the depth immersed was to the height of the 

1 

cylinder as 1 to (n + 2)'*'*'^. 

31. The height and latus rectum of a uniform paraboloid 
of revolution are h and Z, and its specific gravity with respect 
to a fluid in which it is floating is s ; shew that there will 
certainly be only one position of equilibrium with the vertex 

immersed if 2h (2 - 35*) < 3Z. 

32. If the vessel be of thin material, in the shape of a 
paraboloid of revolution, contain liquid, shew that the equi- 
librium will be always stable, provided the density of the 
fluid inside be greater than that without ; the weight of the 
vessel being neglected. 

33. A frustum of a cone floats with its axis vertical in 
a liquid of twice its own density. Prove that the equilibrium 
will be stable if 

,, {a-hf , 2V + 6*) 

Iv < 4- , where m = — ^^ r-^ , 

m-1 (a' + b')^ 

h being the height of the frustum, and a, h the radii of its 
ends. 

Also if it float with its axis horizontal the equilibrium 
will be stable if 

34. A vessel in the form of a cube of side 12a containing 
liquid is placed so as to rest on the top of a perfectly rough 
fixed sphere of radius 5a ; neglecting the weight of the vessel, 
prove that for displacements in planes parallel to the vertical 
faces there will be stability provided the depth of the liquid 
is between 4a and 6a. 

35. An isosceles triangular lamina, of which the sides 
AB, AG are equal, floats with the angular point downwards 
in a liquid of which the density varies as the depth : if AD 

be j^erpendicular to BC, "pTON^ t\ia.\i SS \Jcifc Wcdna can float 
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with the line AD inclined at an angle to the vertical, is 
given by the equation, 

81o- sin' = 64p cos'' a (sin" - sin" a)', 

where 2a is the angle BAG, a- is the density of the lamina, and 
p is the density of the liquid at a depth equal to AB or AG. 

36. A solid of revolution floats with its axis vertical, and 
is sunk to difiFerent depths by placing weights at a fixed 
point of its axis. Find the form when the equilibrium is 
always neutral. 

37. If a body float at rest, shew that for any displace- 
ment, consistent with the condition that the weight of the 
fluid displaced be equal to that of the float, the difference of 
the distances of the centres of gravity of the float and of the 
fluid displaced below the surface of the fluid will, in general, 
be a maximum or minimum according as the equilibrium is 
unstable or stable. 

Moreover if Z be this difference, and the body be symme- 
trical with respect to a vertical plane, perpendicular to the 
line about which the displacement aforesaid is made, and 
be the inclination of any fixed line in the body and in that 
plane to the vertical, the time of a small oscillation will be 

that of a simple pendulum of which the length is -j™, where 

k is the radius of gyration about a line through the centre of 
gravity parallel to the axis of displacement. 

Mention any conditions which limit the generality of 
these theorems. 

38. An ellipsoid floats with the least axis (2c) vertical 
in a fluid of twice its density, and makes small oscillations in 
a vertical plane about a point in the major axis (2a) which is 
fixed. Shew that the period is 

^ /S c 5/g^+a" + c" 
where k is the central distance of tYie ftx^di ^ydl\»» 
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39. A pneumatic railway carriage can move freely with- 
out friction in a tunnel which it exactly fits. It is placed at 
rest at one end, and an engine begins to exhaust the air at 
the other, pumping out equal volumes in equal times. 

Shew that at time t the distance of the carriage from the 
end to which it is travelling is determined by an equation of 
the form 

40. A solid of revolution possesses this property. A 
portion being cut off by a plane perpendicular to its axis and 
immersed vertex downwards in a liquid and then displaced 
through a small angle, the moment tending to restore equili- 
brium is independent of the amount cut off. Shew that, if 
y=f(x) be the generating curve, to determine /we have 

[/(^)r=/'[i + {/wr +/(«')/' ('»')] [/{^+/w/'(^)}r. 

p being the density of the solid compared with the fluid. 

41. From a solid hemisphere, of radius r, a portion in 
the shape of a right cylinder, of height A, coaxial with the 
hemisphere and having the centre of its base at the centre of 
the hemisphere, is removed. Into this portion is fitted a thin 
tube which exactly fits it. The solid is placed with its vertex 
downwards in a fluid, and a fluid, of density p, is poured into 
the tube. Find how much must be poured m, in order that 
the equilibrium may be neutral ; and if the tube be filled to 
a height 2hy shew that 

s^ b' ' 
8 being the density of the solid. 

42. A solid body is floating in a liquid of variable den- 
sity and its position is slightly changed so that the mass of 
liquid displaced remains unaltered. If /(-s^) be the density at 
a depth z, and (x, y, z) the co-ordinates of any point in the 

immersed surface of the \>od'j, xefett^iL \.q ^Svft wirface as the 
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plane xy, prove that the point in the plane of floatation about 
which the body turns is the centre of gravity of that plane 
treated as a lamina, the density of which at the point {x, y) 

43. A cup whose outside surface is a paraboloid of revo- 
lution of latus rectum I, and whose thickness measured 
horizontally is the same at every point and very small 
compared with I, has a circular rim at a height h above the 
vertex, and rests on the highest point of a sphere of radius r. 
If water be now poured in until its surface cuts the axis 
of the cup at a distance -^h from the vertex, and if the 
weight of water be four times that of the cup, shew that the 
equilibrium will be stable, if 

h r-n 

' l^2r + l' 

44. An isosceles triangular lamina AOB is at rest with 
its plane vertical, and its vertex G fixed at a depth c below 
the surface of a liquid, the density of which varies as the 
depth. If the density of the lamina be the same as that of 
the liquid at the depth d, and if be the angle which the 
altitude h of the triangle makes with the vertical, prove that 

Sdh^ cos^ ^ + a . cos^ ^ — a = 3c* cos^ a . cos 6, 

the angle AOB being 2a. 

45. If a solid of revolution be immersed in a heavy 
homogeneous fluid with its axis vertical, prove that, when 
the total normal pressure on the surface is a minimum, its 
form must be such that the numerical value of the diameter 
of curvature of the meridian at any point is a harmonic mean 
between the segments of the normal to the surface at that 
point intercepted between the point and the surface of the 
fluid and between the point and the axis, respectively. 

46. A hollow cylinder of height 2h and radius c with 
both ends closed contains water, and is placed with the 
centre of its base in contact with l\ie \i\^\i^«X. ^oyqX* qJI ^x^^x^j^ 

B. H. ^ 
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sphere of radius r ; the weight of the water is equal to that 
of the cylinder ; shew that the equilibrium will be stable if 
the water occupy a length of the cylinder which lies between 
the roots of 

2a?-4(2r-/0a? + c' = 0. 

47. A weightless shell in the form of a paraboloid of 
revolution rests in a similar shell, the parameter of which is 
double that of the former, and contains fluid whose density 
varies as (depth)*. Find the depth of the fluid in order that 
the equilibrium may be neutral. 

48. If when the barometer stands at 30 inches, the 
specific gravity of mercury being 13'596 referred to water, of 
which a cubic inch weighs 252 7 7 grains, a cubic yard of 
atmospheric air is compressed into a vessel containing a cubic 
foot, find approximately the numerical measure of the energy 
stored up therein. 

49. The expansions of water and glass are given by the 
formulae 

y^= T, {1 + a (^ - 4)^}, and V, = F, (1 + bat\ 

where t is the temperature centigrade. If a water thermo- 
meter be constructed and graduated in the same way as the 
common mercurial thermometer, prove that except at the freez- 
ing and boiling points it will always give too low a reading ; 
that that reading will be negative firom 0° to a little over 13°; 
and that the error will be a maximum when 5af + 2^ = 100. 

50. A quantity of air, whose density is p and pressure p, 
is enclosed in a spherical vessel. Shew that if a centre of 
force fiU" be placed at the centre of the sphere the density at 
a distance r from the centre will be 

8 
w+4 \n+l 

w + 1 g' ]_tP^[ g-p^f)''"'' 

\p(n+l) 



L + l) 
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the intensity of the force being supposed so great that the 
density of the air in contact with the vessel may be 
neglected. 

51. The pressure and density of the atmosphere at the 
earth's surface being p^y p^ and the temperature at higher 
points varying inversely as the n^^ power of the distance from 
the centre of the earth ; prove that the pressure p at a 
distance r from the earth's centre is such that 

« 

where a is the radius of the earth. 

If n = 1, shew that a spherical balloon of material equally 
extensible in all directions will have its volume greatest 
when r is given by the equation 

when m = ^^^— , \ is the modulus of elasticity, and c is the 

Po , 
unstretched radius of the balloon, it being just filled and 

unstretched when it leaves the ground. 

52. A balloon is at a certain moment at a height h, 
descending with velocity F, and moving horizontally with a 
velocity F' equal to the velocity of the wind at that height. 
If the velocity of the wind be proportional to the height, and 
if with a view to descending at a particular spot, the escape 
of the gas be regulated so as to keep the velocity of descent 
constant, prove that a miscalculation dh in the initial height 
will produce in the point reached an error, 

-jyr {l + ^c"- e"' (1 + c)}, where c = ^^ . 

53. Prove that the work done during the (n + 1)*** stroke 
of a Smeaton's air pump, supposing the expansion to be 
isothermal, is equal to 
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54. The condensation being isothermal, find the work 
done during the n^ stroke of a condenser. 

55. Prove that if a receiver of volume A is charged with 
air by a condensing pump of capacity jB so rapidly that the 
loss of heat by conduction may be neglected, the pressure of 
air in the receiver after n strokes will be (1 +nB/A)y times 
the pressure of the atmosphere ; and determine the tempera- 
ture in the receiver and the work done in compressing the air. 

Determine also the pressure of the air in the receiver 
after thermal equilibrium by conduction is re-established. 

56. A solid spherical nucleus of given mass and radius 
is surrounded by a gravitating atmosphere of elastic fluid 
(p = /c/)). Prove that the equation determining the pres- 
sure is 



ir\pdr/ /c* ^ 



dr\p 

Find the conditions that the pressure may be of the 
form - . 

57. Assuming that the surfaces of equal density in the 

interior of the Earth are concentric spheres, and that the 

pressure is connected with the density by the formula 

k 
!P = ^{p^ — pa), where pa is the density at the surface, prove 

that 

a sin J4tirr^lk 

rsm^47ra7A; 

where a is the radius of the earth, and r the distance of the 
point under consideration from the centre. The gravitational 
unit of mass is here used, and the effect produced by the 
earth's rotation is neglected. 

58. A solid is composed of two cubes, symmetrically 
joined together, but of different material and size. It floats 
with the common plane in the surface of a fluid. Find the 

condition of stability. 
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59. A solid in the form of a paraboloid of revolution 
floats with its axis vertical ; if the centre of gravity coincide 
with the metacentre, prove that the equilibrium is stable. 

60. A solid in the form of a paraboloid of revolution 
floats with its axis vertical in a liquid, the density of which 
is n times that of the paraboloid. Tf the height h of the 
paraboloid is such that its centre of gravity is above the 
metacentre at the height c, prove that there is a position of 
equilibrium in which the axis is not vertical, and the base is 

entirely out of the liquid, if c < A (1 — w"*)'. 

61. A ship of mass M has its sides in the neighbourhood 
of the water s edge vertical : the depth of the centre of 
gravity of the water displaced is ^. A small extra load 0M 
is placed symmetrically on the ship, which sinks through a 
distance Z\ and z becomes z + Sz, Prove that, retaining the 
squares of small quantities, 

hz^z-dz + erz-i^ez. 

62. A homogeneous ellipsoid floats in a liquid with its 
least axis (70(7' vertical, and a weight w, f of that of the 
ellipsoid, fixed at the upper end (7, such that the plane of 
floatation passes through the centre. Prove that, if it be 
turned about the mean axis (6) through a finite angle 0, the 
moment of the couple which will keep it in that position will 

be w {c — ae^ cos 6(1 — e^ cos* ^)"*} sin 6, where e is the eccen- 
tricity of the section (a, c). 

63. A mass of m tons placed amidships at the distance 
c from the medial line on the deck of a vessel, whose total 
displacement is fi tons, is observed to heel it over through a 
small angle 6 ; shew that for the unloaded ship the height of 
the metacentre above the centre of gravity is approximately 
equal to mc/fi0 ; and that this expression may be made correct 
to the second order by adding to it 



-A'-2 



ldl\ 
Adh) 



\n— -^ 
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where b is the height of the centre of gravity of m above the 
water line, h is the depth of the keel, and A and / are the 
area and moment of inertia of the section at the water line, 
supposed to be approximately known. (Tripos, 1886.) 

64. A small spherical cavity (radius = R) in an attracting 
mass is filled with homogeneous incompressible fluid, and 
the attraction at the centre of the sphere is evanescent: 
prove that the fluid pressure at the centre cannot be less 
than — J pcR^, and the total pressure on the surface of the 
cavity not less than —{c + ^ 7rp) 27rpjB*, where p is the 
density of the fluid, and, U denoting the potential of the 

/7*7T 
attracting mass, c is the least algebraical value of -j-^ at the 

centre for an element ds drawn in any direction from the 
centre. 

65. An infinite mass of homogeneous incompressible 
fluid is at rest subject to a uniform pressure 11, and contains 
a spherical cavity of radius a, filled with gas at a pressure 
mil ; prove that, if the inertia of the gas be neglected, and 
Boyle's law be supposed to hold throughout the ensuing 
motion, the radius of the sphere will oscillate between the 
values a and na, where n is determined by the equation 
l + 3mlogw-ii' = 0. 

If m be nearly equal to 1, the time of an oscillation will 
be "^ a/ or? » P being the density of the fluid. 

66. Two spherical closed balloons of equal weight and 
radius a, one made of inextensible material, the other of 
extensible material whose modulus of elasticity is J?, are filled 
with equal amounts of the same kind of gas at atmospheric 
pressure 11. They are supported at the same height at the 
ends of a light string which passes over a smooth pulley. If 
the string be cut, shew that the difference of the heights of the 

balloons when in equilibrium will be — log - , where r is the 

311 Tcb 

real root o{ the equation r* — ar^ — ^^ p = ^ \ T is the tension 
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of the string, and p the density of air at pressure 11, the 
temperature being supposed constant. 

67. An elastic unstretched circular membrane is attached 
by its circumference to a rigid ring, and, being acted upon on 
one side by fluid pressure, takes up the form of a surface of 
revolution. It is found that any small square traced on the 
unstretched membrane with one side along a radius is 
distorted into a rectangle with its sides in a constant ratio ; 
prove that the new form of the membrane must be a cone, 
and find the law of the fluid pressure upon it. 

68. Given that the surface tension T of water is 81 dynes 
per centimetre at 20° C, and that dTjdt = — T/550, investigate 
the coefficient of expansion of a soap-bubble as the tempera- 
ture t rises. 

69. A drop of viscous fluid rotates uniformly about an 
axis through its centre, and is under the action of no forces 
beyond its surface-tension. 

Assuming that the form is that of a surface of revolution, 
and measuring y from its centre along the axis of revolution, 
prove that the meridian curve is given by the equation 

dy _ x(x^ -h c*) 

where a is the equatorial radius. 

70. A tube in the form of a right circular cylinder of 
natural radius a is made of a perfectly flexible material, which 
is inextensible along the generating lines but elastic along 
the generating circles. Two discs just fitting the tube are 
firmly fastened to it at its ends and then gas of a given pres- 
sure is forced in, the discs being free to approach each other ; 
prove that the differential equation of the meridian section is 



2^S+2K£)'==™^^-"^'- 



/dx' 



where m is a function of the elasticity axiA. ^x^'&'ajvxx^. 
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For all pressures the principal radii of curvature of the 
tube at the discs are in the ratio of 2 to 1. 

For diflferent initial lengths of the tube, the maximum 
curvature of the meridian section at the broadest point 

is — ( ^ j , the other principal curvature being 



a \2 mj 



71. A spherical soap-bubble of mass m contains air 
which obeys Boyle's Law : and the tension (t) of the film 
does not vary for small changes of radius. The film is 
performing small oscillations about its position of equilibrium. 
If the film be not distorted from the spherical form, shew 

that the time of an oscillation is xj-r. l where the inertia 

of the air is neglected and the bubble has been placed in a 
vacuum. 

72. A closed surface is formed by the revolution of a 
catenary of parameter c round a chord parallel to the 
directrix and distant k from it. If it be filled with liquid of 
density <r which rotates round the axis with uniform angular 
velocity cd, and be immersed in the same liquid, a small 
aperture at one of the angular points allowing communication 
between the exterior and interior liquid, prove that the 
principal tensions at the distance r from the axis will be 

<rft)V (k-r)/Sc, and <ra)V (4i — 5r)/8c. 

73. If the particles of a spherical soap-bubble, of radius 
r and tension t, repel each other according to the law of the 
inverse square of the distance, and if F be the potential, 
prove that V^ = IGirrt. 

74. Into a spherical brass shell, of radius a, water is 
forced until the radius o? t\i^ ^\v^W. \s» fevmsi to expand to r. 

Having given that the coeffi.d.eii\> oi ^^vi\V3 ^H^^^^ieL^^ 



I 
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Stretching is /t, and that the compressibility of water is \ ; 
shew that the quantity of water in the shell is 



i'^P 



ar* 



ar — 2\fi (r — a) 
where p is the density of uncompressed water. 

In the previous question you are given a = 4, r = 5 
oentims. : and the following data : — 

The compression of water for 1 atmos. (1 megadyne per 
sq. cm.) = 10"' X '5 ; thickness of shell = '5 mm., and a brass 
wire of 1 sq. mm. section requires a force of 9000 megadynes 
to double its length, if its elasticity remain constant. 
Determine the measures in c.G.s. units of the quantities 
involved, and thence shew that the mass of water in the 
sphere = 535 grams, approximately. 

75. A soap-bubble extends from fixed boundaries, so as 
with them to form a closed space whose volume is t;^ and 
contains a gas at pressure po and absolute temperature 0^, 
The temperature of the gas is gradually raised. If A be the 
area of the film when the temperature is d, and pressure p, 
shew that 

dA (^ e dp\ 

where t is the surface-tension supposed constant, and the 
external pressure is neglected. 

Find the relation between p and in the case of a 
spherical soap-bubble, and in this case integrate the above. 

76. A hemispjierical bubble is floating on water. As- 
suming that its radius is such that the ratio of the difference 
of the internal and external pressures to the external pressure 
is a small quantity whose square may be neglected, find the 
form of the water surface inside the bubble, and shew that 
its greatest depression below the external water surface is 

2a' ^ __ 27r 



J €* d<t>< 
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where r is the radius of the bubble and a' the ratio of the 
surface energy for air and water per unit area to the weight 
of unit volume of water. {Mr Bumside.) 

77. Giffard's freezing machine consists of two cylinders, 

the pistons of which work on to two cranks on the same 

shaft, driven by an external source of power, and of a large 

air reservoir which is always maintained at the temperature 

of the external air. In the first cylinder air is compressed 

till its pressure is the same as in the reservoir, when valves 

open and the air passes, as the stroke is completed, into the 

reservoir. The second and smaller cylinder acts as an engine 

receiving compressed air from the reservoir for such a portion 

of the stroke that being expanded for the remainder of the 

stroke it is discharged at atmospheric pressure, but at a lower 

temperature. If V. and F, be the volumes of the cylinders, 

and if the compression and expansion be supposed adiabatic, 

prove that the work done during each stroke in the first 

y V -V 
cylinder is IT F^ — ^ . --^^ - , and in the second cylinder 

is n (^i~^2)» ^ being the atmospheric pressure. 

{Dr Hopkinson.) 

78. A spherical homogeneous solid earth, supposed to 
be fixed, is surrounded by a shallow sea, which is attracted 
by a distant fixed body ; prove that, neglecting the attraction 
of water on itself, the surface of the sea will remain spherical, 
but that its centre will deviate from the centre of the earth 
by a distance amounting to the same fraction of its radius 
that the attraction of the disturbing body \p of the attraction 
of the earth on an element of the liquid. 

79. If the earth be supposed spherical and covered with 
an ocean of small depth, and if the attraction of the particles 
of water on each other be omitted, the ellipticity of the ocean 
spheroid will be given by the equation, 

^ _ centrifugal force at the equator 



force ot" gravit'3 at* \\i^ ^'^iXNK^^xyxSaRfc' 
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80. A small quantity of fluid is spread over the surface 
of a material prolate spheroid. Shew that the free surfitce of 
the fluid is also a spheroid, and that the depth of the fluid at 
the equator is to the depth at the pole as the major axis of 
the spheroid to the minor. 

81. If the Earth be completely covered by a sea of small 
depth, prove that the depth in latitude I is very nearly equal 
to jET (1 — € sin* Z), where H is the depth at the equator, and 
€ the ellipticity of the Earth. 

82. If the particles of a mass of liquid, rotating uniformly 
about a fixed axis, attract one another according to such a 
law that the surfaces of equal pressure are similar coaxial 
oblate spheroids, prove that the resultant attraction of a 
spheroid, the particles of which attract according to the same 
law, is the resultant of two forces perpendicular to the equator 
and the axis of revolution respectively, and varying as the 
distance of the attracted point, respectively, from the equator 
and the axis. 

83. In the case of Art. 182, prove that the mean 
pressure throughout the liquid is f of the pressure at the 
centre of the ellipsoid : and if the equation of the free surface 
is af/a* + y*lb^ + z^/c*=l, and the mass of the liquid is if, 
prove that the kinetic energy of the system is 

^M[2Cc-'Aa-Bb}, 

where A, B, C are the forces at the ends of the axes of x, y, z 
due to the attraction of the liquid, the rotation being round 
the axis of z, 

84. In the case of Art. 173, find the pressure at any 
point of the interior of the liquid mass when \ is so small 
that powers beyond \' may be neglected. 

In this case, if n is the ellipticity, prove that the whole 
pressure on the equatorial plane will be approximately equal 
to (6— 6n)(7rpa*)7l5 astronomical units of fote^, ^\i<e^^ a 
is the equatorial radius. 
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85. An infinite mass of uniform gravitating liquid of 
density p surrounds an infinitely long thin rigid cylinder of 
which the section is an ellipse of axes 2a and 26'. The 
liquid and the cylinder rotate with uniform angular velocity 
ft) about the axis of the cylinder ; prove that a possible form 
of the free surface of the liquid is a confocal elliptic cylinder 
of axes 2a and 26, such that 

ft,«(a+6y = 47rp(a6-a'6'). 

86. A mass (M) of homogeneous liquid revolves in 
relative equilibrium about a fixed axis with a uniform 
angular velocity such that the ellipticity (e) of its surface is 
small. If the part fxM of the mass were collected into an 
infinitely dense material point at the centre, and the density 
of the remaining part (1 — fi)M were diminished in the 
ratio of 1 —ft to 1, find what would be the ellipticity of the 
new surface of equilibrium, supposing the time of rotation 
to be the same as before. 

87. A solid ellipsoid of uniform density being supposed 
to revolve round its least axis of figure, and to carry with it 
a surrounding envelope of homogeneous liquid of different 
density, the entire mass attracting according to the law of 
nature, it is required to find the conditions requisite for the 
permanent assumption of the ellipsoidal form by the free 
surface. (Prof. Townsend, Math, of Ed, Times, Vol. xxxv.) 



CAMBBIDaE: PBINTED B'X C. J. ClAX,^.k. l>Sn> ^Q^^^ b.*! T&XL TINIVEBSITT PBEB8. 



Jfgbruary 1691. 

A CLASSIFIED LIST 

OF 

EDUCATIONAL WORKS 

PUBLISHED BT 

GEORGE BELL & SONS. 



Cfftnbridf/e Calendar, Vuhlished AnnnsAly {August), 6». 64. 
StudenVs Guide to the University of Cambridge. 
The School Calendar. Published Annually (December), 1«. 



BIBLIOTHECA CLASSICA. 

A Seriet of Qreek and Latin Authors ^ toith English Notes, edited by. 

eminent Scholars. Bvo. 

*** The Worlts with an asterisk (*) prefixed can only he had in the Sett of 26 Volt, 

AesohyloB. By F. A. Paley, M.A., LL.D. 8«, 

Oloero'8 OrationB. By G. Long, M.A. 4 vols. 32«. 

Demosthenes. By B. Whiston, M.A. 2 vols. 10«. 

Euripides. By P. A. Paley, M.A., LL.D. 3 vols. 24». (•Vol. I.) 

Homer. By P. A. Paley, M.A., LL.D. The Iliad, 2 vols. 14*. 

Herodotus. By Bev. J. W. Blakesley, B.D. 2 vols. 12«. 

Heslod. By P. A. Paley, M.A., LL.D. 6s. 

Horace. By Bev. A. J. Macleane, M.A. 8«. 

Juvenal and Perslus. By Bev. A. J. Macleane, M.A. 6«. 

Plato. By W. H. Thompson, D.D. 2 vols. 5s, eaoh. 

Vol. I. Phaedrus. 

•Vol. II. Gorgias. 

Sophocles. Vol. I. By Bev. P. H. Blaydes, M.A. 8#, 

Vol. XL F. A. Paley, M.A., LL.D. 6-?. 

•Tacitus : The Aiinals. By the Bev. P. Frost. St. 

•Terence. By E. St. J. Parry, M.A. 8«. 

VirgU. ByJ. Conmgton,M.A. lioviscd by Professor H.NettleBbip, 

3 vols. lOs. 6d, each. 

An Atlas of Classical Geography; 24 Maps with coloured Out- 
linos. Imp. Sto. 68. 



CMrgB Sell and Som* 



GRAMMAR-SCHOOL CLASSICS. 

A Series of Greek and Latin Authors^ with English Notes, 

Fcap, Svo, 
OsBsar : De Bello Gallloo. By George Long, MJl. it. 

Books I.-ni. For Junior Classes. By G. Long, M.A. If. 6(L 

Books IV. and V. 1«. 6d. Books VI. and VIL, 1#. %d, 

GatTxllufl, Tibullus, and FropertiuB. Selected Poems. With Life. 

By Ber. A. H. Wratislaw. 2s. 6d. 

Cicero: De Seneotnte, De Amioitia, and Select Epistlei. Bf 

Qeorge Long, M.A. 3«. 

ComellaB NepoB. By Itev. J. F. Maomichael. 2«. 

Homer: Iliad. Books I.-XII. By F. A. Paley, M.A., LLJ). 

An, 6d. Also in 2 parts, 2s. 6d. eaoh. 

Horace : With Life, By A. J. Macleane, M.A. 8«. 6<i. In 
2 parts, 28. each. 

JuYcnal : Sixteen Satires. By H. Prior, M.A. d«. 6cl. 

Martial : Select Epigrams. With Life. By F. A. Paley, M.A., LLJ). 

48. 6d. 

Ovid : the Fasti. By F. A. Paley, M.A., LL.D. 8«. 6<i. Books L 

and IL, Is. 6d. Books III. and lY;, Is. 6d. 

Sallust : Catilina and Jngnrtha. With Life. By G. Long, M JL 
and J. G. Frazer. Ss. 6d., or separately, 2s. each. 

Tacitus : Germania and Agricola. By Bev. P. Frost. 2#. fid. 

Virgil: Bucolics, Georgics, and ^neid, Books I.-IV. Abridged 
from Professor Oonington's Edition. 4s. 6d. — ^^neid. Books V.-XH., 4b. 6d. 
Also in 9 separate Volnmes, as f ollowfi. Is. 6d. each :— Bucolics — Qeoi^EP<>i 
I. and II. — Georf^cs, III. and lY. — .Xneid, I. and IL — ^neid, UL. aad 
lY.— JEneid, Y. and YI.— -fflneid, YII. and YIII.— .fflneid, IX. and X.— 
.Sneid, XL and XII. 

Xenophon : The Anabasis. With Life. By Bev. J. F. MaomiohaeL 

3s. 6d. Also in 4 separate Tolnmes, Is. 6d. each: — Book I. (with Life, 
Introdnction, Itinerary, and Three Maps) — Books II. and III.— IV. and Y. 
— YI. and YII. 

The CyropsBdia. By G. M. Gorham, M.A. St. 6d. Books 



I. and II., Is. 6d.— Books Y. and YI., Is. 6d. 

Memorabilia. By Peroival Frost, M.A. St. 



A Grammar-School Atlas of Classical Geography, containing 

Ten selected Miq;w. Imperial Svo. Ss. 

Uniform with the Series, 
The New Testament, in Greek. With English Notes, Ac. By 

Rer. J. F. Maomichael. 48. 6d. In 5 parts. The lour Gospels and the Aoti. 
Sewed, 6d. each. 



BdueaHonal Work$. 8 



CAMBRIDQE GREEK AND LATIN TEXTS. 

Aesohylns. By F. A. Paley, M.Am LL.D. 2#. 
0»8ar: De Bello GtoUioo. By G. Longi MJl. 1#. 6(2. 
Oioero: De Seneotttte et De Amloitia, et EplstolsB SeleotBB. 

By G. Long, M.A. U, 6d. 

Oioeronia Orationes. In Verrem. By G. Long, M.A. 2«.6d. 

Euripides. By F. A. Paley, M.A., LL.D. 8 vols. 2«. each. 

Herodotus. By J. O. Blakesley, B.D. 2 vols. 6«. 

Homerl lUas. I.-XU. By F. A. Paley, MJl., LLJ). 1«. 6d. 

Horatius. By A. J. Macleane, M.A. 1«. 6d. 

Juvenal et Perslus. By A. J. Macleans, M.A. 1«. 6d. 

Lucretius. By H. A. J. Monro, M.A. 2«. 

Sallusti Orispl Gatillna et Jugurtha. By G. Long, MJl. 1«. 6d. 

Sophocles. By F. A. Paley, M.A., LL.D. 2s, 6d. 

Terenti OomoBdi». By W. Wagner, Fh.D. 2«. 

Thuoydldes. By J. G. Donaldson, D.D. 2 vols. 4ff. 

Vlrgilius. By J. Gonington, M.A. 2«. 

XenophontlB Expeditio Gyri. By J. F. Maomiohael, B.A. 1«. 6<l. 

Novum Testamentum Greece. By F. H. S<nivener, M.A., D.C.L. 

48. 6d. An edition with wide mai^rin for notes, half bound, 128. Bditio 
Majob, with additional Readings and References. 78. 6d. (588 pctge 14.) 



CAMBRIDQE TEXTS WITH NOTES. 

{ Selection of the modi usually read of the Qretk and Latin Authorst Annotated f of 
Schools, Edited by voell-known Classical Scholars, Foap. Bvo, Is. 6d. eaoh^ 
vaith esBceptUms. 

* Dr. Paley's vast learning and keen appreciation of the difficnltios of 
beginners make his school editions as valuable as they are popular. In 
many vespectB he sets a brilliant example to younger scholars.' — Athenoevm,, 

' We hold in high value these handy Cambridge texts with Notes.'— 
Saturday Review. 

Aeschylus. Promethens Yinotns. — Septem contra Thebas. — ^Aga- 
memnon.— Fersae. — Bumenides. — Choephoroe. By F.A. Paley, M. A., LL.D. 

Euripides. Alcestis. — Medea. — Hippoiytas. — Heonba. — Baoohae. 
—Ion. 28.— Orestes.— Phoenissae.—Troades.^Hercules Furens. — ^Andro- 
mache. — Iphigenia in Tauris. — Supplices. By F. A. Paley, M.A., LL.D. 

Homer. Iliad. Book L By F. A. Paley, M.A., LL.D. Iff. 

Sophocles. • Oedipns Tyrannns. — Oedipns Golonens. — Antigone. 

• — Klectra— Ajax. By F. A. Paley, M.A., LL.D. 

Xenophon. Anabasis. In 6 vols. By J. E. Melhoish, M.A., 

Assistant Classical Master at St. Paul's School. 

Hellenics, Book I. By L. D. Dowdall, M.A., B.D. 2.<?. 

— Hellenics, Book II. By L. D. Dowdall, M.A., B.D. 2s. 

Oicero. De Senectnte, De Aiuioitia and Epistolie Seleot«B. By 

O. Long, M.A. 
Ovid. Fasti. Bv F. A. Paley, M.A. LL.D. In 8 vols., 2 books 

in Mch. 28. eaon toL 
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Ovid. Selections. Amores, Tristia, Heroides, Metamorphosefl. 
By A. J. Madeane, M.A. 

Terence. Andria. — Hauton TimommenoB. — Phormio. — Adelphoe 

By ProfeBBor W&gner, Ph.D. 

Virgil. Professor Gonington's edition, abridged in 12 vols. 

' The handiest as well as the sonndest of modem editionB.' 

Saturday Eevie^r. 

PUBLIC SCHOOL SERIES. 

A Series of Classical Texts t annotated by toeU-hnoton Scholars, Cfr, Bvo, 

Ariitoplianes. The Peace. By F. A. Paley, M.A., LL J), it. 6<1. 

The Achamians. By F. A. Paley, M.A., LL.D. 4U. 6d. 

The Frogs. By F. A. Paley, M.A., LL.D. 4m, 6(f. 

Oioero. The Letters to Atticns. Bk. I. By A.Pretor, M.A. it. 64. 
DamostheneB de Falsa Legatione. By B. Shilleto, MJL. 6f . 
— »— The Law of Leptines. By B. W. Beatson, M.A. Ss, Bd, 
Livy. Book XXI. Edited, with Introduction, Notes, and Maps, 

by the Rev. L. D. Bowdall, M.A., B.D. 3s. 6d. 

Book XXII. Edited, &c., by Rev. L. D. Dowdall, M.A., 

B.D. %. 6d. 

Plato. The Apology of Socrates and Crito. By W. Wagner, Ph J). 

nth Edition. Ss. 6d. Cheap Edition, limp cloth, 28. 6d. 

The Phiedo. 9th Edition. By W. Wagner, Ph.D. 6«. Gd. 

The Protagoras. 7th Edition. By W. Wayte, M.A. 4ff. M. 

The Euthyphro. 8rd Edition. By O, H. Wells, M.A. 8#. 

The EuthydemuB. By G. H. Wells, M.A. 4«. 

The Republic. Books I. & II. By G. H.Wells, M.A. 3rd 

Edition. 58. 6d. 

Plautus. The Aulularia. By W. Wagner, Ph.D. 8rd Edition. 4ff.6d. 

. TheTrinummns. By W. Wagner, Ph.D. 8rd Edition. 4ff.6d. 

. The Menaechmei. By W. Wagner, Ph.D. 2nd Edit. 4ff.6d. 

. The Mostellaria. By Prof. E. A. Sonnenschein. 5s, 

Sophooles. The Trachiniae. By A. Pretor, M.A. 4i, 6<l. 
Sophocles. The Oedipus Tyrannus. By B. H. Kennedy, D.D. 5«. 
Terence. By W. Wagner, Ph.D. 2nd Edition. 7s, 6d. 
TheoorituB. By F. A. Paley, M.A., LL.D. 2nd Edition. 4ff. M. 
Thuoydides. Book VI. By T. W. Dougan, M.A., Fellow of St. 

John's College, Cambridge. 3s. 6d. 

CRITICAL AND ANNOTATED EDITIONS 

Arlstophanis Comoediae. By H. A. Holden, IiL.D. 8vo. 2 vols. 
Notes, Illnfltrationn, and Mapn. 23s. 6d. Flayn sold roparately. 

Co8sar's Seventh Campcdgn in Gaul, B.C. 52. By Bev. W. G. 

Oompton, M.A., Assistant Master, Uppingham School. Crown 8vo. 4s. 
Calpurnlus Slculus. By G. H. Eeene, M.A. Crown 8vo. Ss, . 

Cat\illus. A New Text, with Critical Notes and Introdnotion 
by Dr. J. P. Postg-ate. Foolscap 8vo. 3.s. 
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Ck>rpus Poetanim Latlnomm. Edited by Walker. ItoI.Svo. 18f. 
Iilvy. The first five Booka. By J. Frendeville. 12mo. roan, 5«. 

Or Books I.>III., 8«. 6d. IV. and V.» 8«. 6d. Or the ^ve Books in separate 
vols. Is. 6d. each. 

Iiucan. The Pharsalia. By G. E. HaskioB, M.A., and W. E. 
Heitland, M.A. Demy 8yo. 14s. 

Iiuoretius, With Commentary by H. A. J. Manro. 4th Edition. 
Vols. I. and II. Introduction, Text, and Notes. ISs. Vol. III. Trans- 
lation. 68. 

OyIcL P.OvidiiNasoniBHeroideflXiy. ByA.Pabner,M.A. 8vo.6«. 

P. Ovidii Nasonis An Amatoria et Amores. By the Bev. 

H. Williams, M.A Ss. 6d. 

Metamorphoses. BookXm. By Chas. Haines Eeene, M.A. 



2s. 6d. 

Epistolarmn ex Ponto Liber Primus. ByG.H.Eeene,M.A. 3«. 



FropertlnB. Sex Anrelii Propertii Garmina. By F. A. Paley, M.A., 

LL.D. 8vo. Cloth, 58. 
■ Sex Propertii Elegiarnm. Libri lY. Becensnit A. Pakner, 

Collegii SaorosanctcB et Individnte Trinitatis juxta Dublinum Sooins. 
Fcap. 8vo. 38. 6d. 

Bophodes. The Oedipus Tyraimus. By B. H. Kennedy, D.D. 

Grown 8yo. Ss. 
ThQoydldes. The History of the Peloponnesian War. ByBiohard 

Shilleto,M.A. Book I. 8to. Os. 6d. Bookll. 8to. 58. 6d. 



LOWER FORM SERIES. 

With Noted and Vocahulariet. 

McHogBB LatlnflB ; or, First Latin Beading-Book, with English Notes 
and a Dictionary. By the late Eey. P. Frost, M.A. New Edition. IVjap. 
Sto. Is. 6d. 

lAtin Vocabularies for Repetition. By A. M. M. Stedman, M.A. 

2nd Edition, revised. Fcap. 8vo. Is. 6d. 

Easy Latin Passages for Unseen Translation. By A. M. M. 

8tedman, M.A. Fcap. 8to. Is. 6d. 

Virgil's iEneid. Book L Abridged from Conmgton's Edition. 

With Vocabulary by W. F. R. Shilleto. Is. 6d. 

CsBsar de Bello Galileo. Books I., II., and IIL With Notes by 
George Longf, M.A., and Vocabulary byW. F. R. Shilleto. Is. 6d. each. 

Horace. Book I. Macleane's Edition, with Vocabulary by 
A. U. Denuis. Is. 6d. 

Tales for Latin Prose Composition. With Notes and Vocabu- 
lary. By G. H. Wells, M.A. 2s. 
A Latin Verse-Book. An Introdnotory Work on Hexameters and 

Pentameters. By the late Rev. P. Frost, M.A. New Edition. Fcap. Syo. 
2s. Key (for Tutors only), 5s. 

Analeota Qraeca Minora, with Introductory Sentences, English 
Notes, and a Dictionary. By the late Rey. P. Frost, M.A. New Edition. 
Foap. 8vo. 2s. 

Oreek Testament Selections. 2nd Edition, enlarged, with Notes 

aad Vocabulary. By A. M. M. Stedman, M.A. Fcap. 8vo. 2s. 6d« 
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LATIN AND GREEK OLA88-BOOKS. 

(See also Lower Form Series.) 

Faoillora. An Elementary Latin Book on a new principle. By 

the Bey. J. L. Seager, M.A. 28. 6d. 

First Latin LesBons. By A. M. M. Stedman. Second Edition, 

enlarged. Is. 

First Latin Header. By A. M. M. Stedman, M.A. 1«. 6d, 
Easy Latin Exercises. By A. M. M. Stedman, M.A. Crown 8vo. 

28. 6d. 

Notanda Qusedam. Miscellaneous Latin Exercises. By A. M. 

M. stedman, M.A. Feap. 8vo. le, 6d. 

A Latin Primer. By Bev. A. C. Clapin, M.A. 1«. 

Auzilia Lfttlna. A Series of Progiessiye Latin EzeroiseB. By 

M. J. B. Baddeley, M.A. Foap. 8yo. Part I., Aooidenoe. 5tli Edition. 28. 

Part n. 5th Edition. 28. Key to Part II., 28. 6d, 
Scala Latina. Elementary Latin Exercises. By Hev. J. W. 

Dayis, M.A. New Edition, with Vocabulary. Foap. 8yo. 28. 6d. 

Passages for Translation into Latin Prose. By Prof. H. Nettle- 

ship, M.A. Ss. Key (for Tutors only), 4s. 6d. 

' The introduction ought to be studied by eyery teacher of Latin.' 

Gitardtan. 

Lfttin Prose LessonB. By Prof. Chnroh, M.A. 9th Edition. 

Foap. 8yo. 28. 6d. 

Analytioal Latin Exerolses. By G. P. Mason, B.A. 4th Edit. 

Part I., l8. 6d. Part II., 28. 6d. 
Latin Elegiac Verse, Easy Exercises in. By the Bev. J. Penrose. 

New Edition. 28. (Key 38. 6d.) 

A Latin Qrammar. By Albert Harkness. Post 8vo. 6<. 
■ By T. H. Key, M.A. 6th Thousand. Post 8yo. St, 

A Short Latin Grammar for Sohoolfl. By T. H. Key, M.A. 

F.R.S. 16tli Edition. PostSyo. 88. 6d. 

The Theatre of the Greeks. By J. W. Donaldson, D.D. lOth 

Edition. Poat 8yo. 58. 

Keightley's Mythology of Greece and Italy. 4th Edition. 6«. 
A G^dde to the Ohoice of Olassical Books. By J. B. Mayor, MJL 

3rd Edition, frown 8vo. 4«. 6d. 

A History of Roman Literature. By Prof. Teaffel. Revised 

by Prof. Dr. Scliwabe, and translatf,d by Prof. Warr, of King's College. 
2 vols. [IiMoediately. 

By T. Collins, M.A., H. M. of the Latin School, Newport, Salop. 

Latin Exercises and Grammar Papers. 6th Edit. Foap. 8vo. 2«. 6d. 
Unseen Papers in Latin Prose and Verse. With Examination 

(^estiona. 5th Edition. Foap. Svo. 28. 6d. 

in Greek Prose and verse. With Examination Qnestioas. 

3rd Edition. Foap. 8yo. 38. 

Easy Translations from Nepos, Osssar, Oioero, Llvy, fto., for 

Retrandlation into Latin. With Notes. 28. 

By A. M. M. Stedman, M.A., Wadham College, Oxford. 
Latin Examination Papers in Grammar and Idiom. 2nd 

Edition. Grown 8yo. 28.6d. Key (for Tutors and Priyate Students only), St. 

Ghreek Examination Papers in Grammar and Idiom. 2s, 6d. 

— — • Key. llnthtyreee* 
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By the late Bsv. P. Fbost, MX 
Materials for Latin Prose Oompoiition. New edition. Fcap. 

8vo. 28. Key (for Tntora only), 46. 

Haterlalfl for Ghreek Prose Oompoiition. New Edit. Foap. 8ya 

28. 6d. Key (for Tutors only), Ss. 

Florllegium Poetlcom. Elegiac Eztraots from Ovid and Tibolliu. 

New Edition. With Notes. Foap.8yo.28. 
By H. A. HoLDBir, LLJD., formerly Fellow of Trinity Coll., Camb. 

FoUorom Silvula. Part I. Passages for Translation into Latin 
Blegiao and Heroic Verse, llth Edition. Post 8yo. 78. 6d. 

Pturt II. Select Passages for Translation into Latin Lyrio 

and Comic Iambic Verse. 3rd Edition. Post 8vo. 58. 

Folia SUvnlsa, sive Eclogs Poetamm Anglioomm in Latinnm et 
GrsBcum oonverssB. 8to. Vol. II. 48. 6d. 

FoUorom OentnriSB. Select Passages for Translation into Latin 

and Greek Prose. 10th Edition. Post Svo. 8a. 
Boala GrsBoa : a Series of Elementary Greek Exercises. By Bev. J. W. 
Davis, M.A., and B. W. Baddeley, M.A. 8rd Edition. Fcap. 8vo. 28. 6d. 

Qreek Verse Oomposition. By G. Preston, M.A. 5th Edition. 

Crown 8yo. 4s. 6d. 

Greek Partioles and their Combinations according to Attic Usage. 

A Short Treatise. By F. A. Paley, M. A., LL.D. 2$. 6d. 

Rudiments of Attic Construotion and Idiom. By the Bev. 

W. C. Compton, M.A., Assistant Master at Uppingham School. Ss. 

Anthologla Qrsdoa. A Selection of Choice Greek Poetry, with Notes. 

By F. St. John Thackeray. Wh omA Cheaper Edition, 16mo. 48. 6d. 
Anthologla Latina. A Selection of Choice Latin Poetry, from 

NflBvios to Bodthios, with Notes. By Bev. F. St. J. Thackeray. 5th Edition. 
16mo. 48. dd. 

CLASSICAL TABLES. 

Latin Aooldence. By the Bey. P. Frost, M.A. It. 

Latin Venlfioatlon. It. 

Notabllla Quasdam; or the Principal Tenses of most of the 

Irregular Greek Verbs and Elementary Greek, Latin, and French Oon- 
stmction. New Edition. l8. 

Blohmond Rules for the OvldlanDl8tloh,&o. By J. Tate, M. A. 1«. 

Tlie Prlnolples of Latin Syntax. It. 

Oreek Verba. A Catalogue of Verbs, Irregular and Defective. By 

J. S. Baird, T.C.D. 8th Edition. 28. 6d. 

areek Aooents (Notes on). By A. Barry, D.D. New Edition. 1j. 
Homerlo Dlaleot. Its Leading Forms and Peculiarities. By J. S. 
Baird, T.C.D. New Edition, by W. G. Butherford, LL.D. U, 

Oreek Aoddenoe. By the Bev. P. Frost, M.A. New Edition, la. 

TRANSLATIONS, SELECTIONS. &o. 

*«* Many of the following books are well adapted for School Prizes. 
Aesohylug. Translated into English Prose by F. A. Paley, M.A., 

LL.D. 2nd Edition. 8to. 78. 6d. 
Translated into English Verse by Anna Swanwick. 4th 

Edition. Post 8to. 58. 

Calpumlus, The Eclogues of. Latin Text and English Verse 
Translation by E. J. L. Scott, M«A. 38. 8d. 
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Euripides. Translated by E. P. Coleridge, B. A. 2 vols., 6«. each. 
floraoe. The Odes and Carmen SsBcolare. In English Verse by 

J. Oonington, M.A. 10th edition. Fcap. 8yo. 5s. 6d. 

The Satires and Epistles. In English Verse by J. Coning- 

ton, M.A. 7th edition. 68. 6d. 
Plato. Gorgias. Translated by E.M. Cope, M.A. 8vo. 2nd Ed. 7f. 
Philebus. Trans, by F. A. Paley, M. A., LL.D. Sm. 8vo. 4s. 

TheaBtetus. Trans. byF.A.Paley,M.A.,LL.D. Sm.Svo. 4m. 

— Analysis andlnclex of the Dialogues. ByDr.Day. PostSvo.S*. 
Prudentius, Selections from. Text, with Verse Translation, In- 

troduotion, &c., by the Rev. F. S. J. Thackeray. Crown 8vo. 7«. 6d. 
Sophocles. Oedipus Tyrannus. By Dr. Kennedy. 1». 
■ The Dramas of. Rendered into English Verse by Sir 

Geoi^ Yonng, Bart., M.A. 8vo. 128. 6(1. 

TheoorituB. In EngUsh Verse, by C. S. Calverley, M.A. New 

Edition, revised. Grown 8vo. 78. 6d. 

Translationa into English and Latin. By G. S. Calverley, M.A. 

Post 8vo. 78. 6d. 
Translations into English, Latin, and Greek. ByB. C. Jebb, Litt.D., 
H. Jackson, Litt.D., and W. E. Ourrey, M.A. Sooond Edition. Ss. 

Extracts for Translation. By B. C. Jebb, Litt D., H. Jackson, 

Litt.D., and W. E. Currey, M.A. 4s. 6d. 

Between Whiles. Translations by Bey. B. H. Kennedy, DJ). 

2nd Edition, revised. Grown 8vo. Sa. 

Sabrinae Corolla in Hortulis Regiae Scholae Salopiensis 

Contexuernnt Tres Viri Floribus Lccrendis. Fourth Edition, thoronghiy 
Revised and Rearranged. Large post 8vo. 10s. 6d. 



CAMBRIDGE MATHEMATICAL SERIES. 

Arithmetlo for Schools. By C. Pendlebury, M.A. 4th Edition, 
stereolTped, with or without answers, it;. 6d. Or in two |)art8, with or 
without answers, 2s. 6d. each. Part 2 contains the Commercial Arithmetic. 

Examples (nearly 8000), without answers, in a separate voL Ss. 
In use at St. Pai:d'8, Winchester, Wellinprton, Marlborough, Gharterhoujie, 
Merchant Taylors', Christ's Hospital, Sherborne, Shrewsbury, &c. &c 

Algebra. Choice and Chance. By W. A. Whitworth, M.A. 4th 

Edition. 68. 
Euclid. Newly translated from the Greek Text, with Supple- 
mentary Propositions, Chapters on Modem Geometry, and numerous 
Exercises. By Horace Deighton. M. A., Head Master of Harrison College, 
Barbados. New Edition, Revised, with Symbols and Abbreviations. 
Crown 8vo. is. 6d. 

Book I Is. I Books I. to III. ... 28. 6d. 

Books I. and II. ... Is. 6d. | Books III. and lY. l8. 6d. 

Euclid. Exercises on Euclid and in Modem Geometry. By 

J. McDowell, M.A. 3rd Edition. 68. 
Trigonometry, Elements of. By J. M. Dyer, M.A., and Bev. 

B. H. Whitcombe, M.A., Assistant Masters, Eton College, rrmmediately. 
Trigonometry. Plane. By Bev. T.Vyvyan, MJL. 8rdEdit. 8f.6<i. 
Geometrical Conio Sections. By H. G. Willis, M.A. 5«. 
Oonioa. The Elementary Geometry of. 6th Edition, revised and 

enlarged. By C. Taylor, D.D. 48. 6d. 

8oUd Geometry. By W. S. Aldis, M.A. 4th Edit, revised. 6j. 
Geometrical Optics. By W. S. Aldis, M.A. 8rd Edition. 4t, 
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Blgid Dynamics. By W. S. Aldis, M.A. 4t. 
Elementary Dynamios. By W.Gamett,M.A.,D.G.L. 5th Ed. Ba, 
Dynamics. A Treatise on. By W. H. Besant, D.Sc, F.B.S. 7f. 6d. 
Heat An Elementaiy Treatise. By W. Gamett, M. A., D.O.L. 5th 

Bdition, revised and enlarged. 4a, 6d. 

Elementsiry Physics. Examples in. By W. Gallatly, M.A. is. 

Hydromechanics. By W. H. Besant, D.Sc., F.B.S. 5th Edition. 
Fart L Hydrostatios. Sa, 

Mathematical Examples. By J. M. Dyer, M.A., Eton College, 
and B. Frowde Smith, M.A, Gheltenliam C!oll^;e. 6s. 

Ifeehanics. Problems in Elementary. By W. Walton, M.A. 6f . 

Notes on Roulettes and Gllssettes. By W. H. Besant, D.Sc, 
F.R.8., Fellow of St. John's College, Cambridge. 2n4 Edition, enlarged. 
Crown 8to. Ss. _ 

CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 

A aeries of Elementary Treatises for the use of Students, 
Arithmetic. By Bev.G.Elsee, MJl. Fcap. 8yo. 14th Edit. ^s,M. 

■ By A. Wrigley, M.A. St. Gd. 

■ A Progressiye Coarse of Examples. With Answers. By 
J. Watson, M.A. 7th Edition, rerised. By W. P. Gondie, B.A 28. 6d. 

Algebra. By the Bey. C. Elsee, M.A. 8th Edit. 4<. 

Progressiye Coarse of Examples. By Bey. W. F. 

H<Hicliael,M.A.,and B. Prowde Smith, M.A. 4tlL Edition. 88. 6d. With 
Answers. 48. 6d. 

Plane Astronomy, An Introdaction to. By P. T. Main, M.A. 

6th Edition, reyised. 4a. 

Oonio Sections treated Geometrically. By W. H. Besant, ScD. 

8th Edition. 48. 6d. Solution to the Examples. 48. 

Enonciations and Figares Separately. 1«. 6(2. 

Statics, Elementary. By Bey. H^ Goodwin, D.D. 2nd Edit. 8«. 
HydroataticB, Elementary. By W.H. Besant, D.Sc. 14th Edit. 4«. 

Solations to the Examples. [Now ready. 

Mensuration, AnElementary Treatise on. By B.T.Moore, M.A. 3s.6(2. 

Newton's Principia, The First Three Sections of, with an Appen- 
dix; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th 
Edition, by P. T. Main, M.A. 48. 

Analytioal Geometry for Schools. By T. G. Vyyyan. 5th Edit. is. 6(i. 

Greek Testament, Companion to the. By A. C. Barrett* M.A. 
5th Edition, revised. Fcap. 8vo. Ss. 

Book of Common Prayer, An Historical and Explanatory Treatise 
on the. By W. G. Humphry, B.D. 6th Edition. Fcap. 8vo. 28. 6d. 

Mosio, Text-book of. By Professor H. C. Banister. 14th Edition, 

revised. 58. 
I Concise History of. By Bey. H. G. Bonayia Hunt, 

Hns. Doc. Dublin. Uth Edition, revised. Ss. 6d. 

▲ 2 
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ARITH M ETI C, (^^^ o,l8o the two foregoing Series.) 

Elementary Arithmetic. By Charles Pendlebary, M.A., Senior 
Mathematical Master, St. Paul's School; and W. S. Beard, F.B.G.S., 
Assistant Master, Christ's Hospital. With 2500 Examples, Written and 
OraL Crown 8vo. Is. 6d. With or without Answers. 

Arithmetic, Examination Papers in. Consisting of 140 papers, 
each containinfif 7 questions. 357 more diflEUmlt problems follow. A ctA- 
lection of recent Public Examination Papers are api)ended. By C. 
Pendlebnrj, M.A. 2$. 6d. Key, for Masters. only, 58. 

Graduated EzerciseB in Addition (Simple and Compound). By 
W. S. Beard, C. S. Department Rochester Mathematical School. Is. For 
Candidates for Commercial Certificates and Civil Sernoe Kxams. 

BOOK-KEEPING. 

Book-keeping Papers, set at various Public Examinations. 
Collected and Written by J. T. Medhurst, Lecturer on Book-keeping in 
tiiie City of London College. 2nd Edition. 3s. 

GEOMETRY AND EUCLID. 

Euclid. Books I.-YI. and part of XL A New Translation. By 

H. Deighton. (Seep. 8.) 
The Definitions of, with Explanations and Exercises, 

and an Appendix of Exercises on the "Eirat Book. By B. Webb, M.A. 

Crown 8vo. Is. 6d. 

Book I. With Notes and Exercises for the nse of Pre- 



paratoiy Schools, &c. By Braithwaite Amett, M.A. Svo. 48. 6d. 

The First Two Books explained to Beginners. By 0. P. 



Mason, B.A. 2nd Edition. Fcap. Sro. 28. 6d. 

The Enunciations and Figures to Euclid's Elements. By Bev. 

J. Brasse, D.D. ' New Edition. Fcap. Svo. Is. Without the Figures, 6d. 
Exercises on Euclid. By J. MoDowell, M.A. (See p. 8.) 
Mensuration. By B. T. Moore, M.A. Ss, 6d. (See p. 9.) 
Geometrical Conic Sections. By H. G. Willis, M.A. (See p. 8.) 
Geometrical Oonic Sections. By W. H. Besant, D.So. (See p. 9.) 
Elementary Geometry of Conies. By G. Taylor, D.D. (See p. 8.) 
An Introduction to Ancient and Modem Geometry of Conlos. 

By C. Taylor, D.D., Master of St. John's Coll., Camb. Svo. ISs. 

An Introduction to Analytical Plane Geometry. By W. P. 

TumbuU, M.A. 8yo. 128. 

Problems on the Principles of Plane Co-ordinate Geometry. 

By W. Walton, M.A. 8vo. 168. 

Trilinear Co-ordinates, and Modem Analytical (Geometry of 

Two Dimensions. By W. A. Whitworth, M.A. 8yo. lOs. 

An Elementary Treatise on Solid Geometry. By W. S. Aldis, 

M.A. 4th Edition revised. Cr. 8yo. 68. 

EUiptio Functions. Elementary Treatise on. By A. Cayley, D.So. 
Professor of Pure Mathematics at Cambridge University. DemySvo. ISt, 

TRIGONOMETRY. 

Trigonometry. By Kev. T. G. Vyryan. Hs. 6d. (See p. 8.) 
Trigonometry, Elements of. By J. M. Dyer, M.A,, and Rev. R. H. 

Whitcombe, M.A., Asst. Masters, Eton College. rimmediately. 

Trigenometry, Examination Papers in. By G. H. Wavd, M.AI, 

Assistant Master at S*. Panli^ Scheol. Crown Svo. 28. Sd. 
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MECHANICS & NATURAL PHILOSOPHY. 

Statios, Elementary. By H. (Goodwin, D.D. Foap. Sya 2nd 

Edition. Ss. 
Dynamios, A Treatise on Elementary. By W. Qamett, M.A., 

D.G.L. 5tli Edition. Grown 8vo. fis. 
Dynamics. Bigid. By W. S. Aldis, M.A. 4t. 
Dynamics. A Treatise on. By W. H. Besant, D .So. , F.B.S. It, 6d. 
Elementary Mechanics, Problems in. By W. Walton, M.A. New 

Edition. Crown 8vo. 68. 

Theoretical Mechanics, Problems in. By W. Walton, M.A. 8rd 

Edition. Demy 8vo. 168. 

Structural Mechanics. By B. M. Parkinson, Assoc. M.I.O.E. 

Crown 8vo. 4s. QA. 

Elementary Mechanics. Stage I. By J. C. Horobin, B.A. 1«. 6(2. 

Hydrostatics. ByW.H.Besant,D.Sc. Foap.Svo. UthEdition. 4f. 

Hydromechanics, A Treatise on. By W. H. Besant, D.Sc, F.B.S. 
8to. 5th Edition, revised. Part I. Hydrostatics. .Ss. 

Hydrodynamics, A Treatise on. Vol. I., 10«. 6d. ; Vol. II., 12«. 6(i. 

A. B. Basset, M.A., F.B.S. 
Hydrodynamics and Sound, An Elementary Treatise on. By 

A. B. Basset, M.A., F.R.S. 
Boulettes and Glissettes. By W. H. Besant, D.Sc, F.B.S. 2nd 

Edition, 58. 

Optics, Geometrical. By W. S. Aldis, M.A. Crown 8yo. 8rd 

Edition. 4s. 

Double Refiraction, A Chapter on FresnePs Theory of. By W. 8. 

Aldis, M .A. Syo. 2s. 
Heat, An Elementary Treatise on. By W. Gamett, M.A. , D.C.L. 

Crown Syo. 5th Edition. 48. 6d. 
Elementary Physics, Examples and Examination Papers in. By 
W. GaUatly, M.A. 48. 

Newton's Principia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleyenth Sections. By J. H. Eyans, M.iu 5th 
Edition. Edited by P. T. Main, M.A. 48. 

Astronomy, An Introduction to Plane. By P. T. Main, M.A. 

Fcap. 8yo. cloth. 6th Edition. 46. 
Practical and Spherical. By B. Main, M.A. 8vo. 14*. 

Mathematical Examples. Pure and Mixed. By J. M. Dyer, M. A. , 

and R. Prowde Smith, M.A. 68. 

Pure Mathematics and Natural Philosophy, A Compendium of 
Facts and Formuls in. By G. R. SmaUey. 2nd Edition, reyised ^7 
J. McDowell, M.A. Fcap. 8yo. 28. 

Elementary Course of Mathematlos. By H. Gkx>dwin, DJ). 

6th Edition. 8vo. Ifis. 

Problems and Examples, adapted to the * Elementary Course of 

Mathematics.' 3rd Edition. 8yo. 58. 

Solutions of Goodwin's CoUeotlon of Problems and Ezamplet. 

By W. W. Hutt, M.A. 3rd Edition, reyised and enlarged. 8yo. Os. 
Jl Collection of Examples and Problems in Arithmetic, 

Algebra, Geometry, Logarithms, Trigonometry, Oonic Sections, Mechanics, 
&o., with Answers. By Rey. A. Wrigley. 20th Thousand. Ss. 6& 
Key. 108. 6d. 
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FOREIGN CLASSICS. 

i Series for ute in SehooU^ with Englieh Notett grammatical and 
explanatory t and renderings of difficult idiomatic expressions, 

Feap. Svo. 

itehUler'8 Wallensiein. By Dr. A. Bnohheim. 5th Edit. 6s. 

Or the Lager and Piooolomini, 28. 6d. Wallenstein's Tod, 2s. 6d. 

Maid Of Orleans. By Dr. W. Wagner. 2nd Edit. U.M. 

-»— Maria Stuart. By V. Eastner. 2nd Edition. 1«. 6<L 
(Goethe's Hermann and Dorothea. By B. Bell, MJL, and 

B. WSlfeL U6d. 

Qerman Ballads, from Uhland, Goethe, and SehiUer. By G. L. 

Bielefeld. 4th Edition. U 6d. 
Oharles XTT., par Voltaire. By L. Direy. 7th Edition. Is, 6d, 
Aventores Ce T616maque, par F6n61on. By 0. J. Delille. 4tb 

Edition. 28. 6d. 

Select Fables of La Fontaine. ByF.E.A.Ga80. 18th Edit. It. 6a. 
Picciola, by X.B. Saintine. By I^hr. Dnbnc. 16th Thousand. If . 6<l. 
Lamartine's Le Tailleur de Pierres de Saint-Point. B7 

J. Boielle, 6th Thousand. Fcap. Qvo. Is. 6d. 

Italian Primer. By Bey. A. 0. Glapin, M.A. Fcap. 8vo. 1«. 



FRENCH CLASS-BOOKS. 

French Grammar for Public Schools. By Bey. A. 0. Olapin, M.A. 

Fcap. 8vo. 12th Edition, revised. 2s. 6d. 
Vtenoh Primer. By Bey. A. 0. Clapin, M JL Fcap. Syo. 8th Ed. If. 
Primer of French Philology. By Bey. A. 0. Clapin. Fcap. 8yo. 

4th Edit. Is. 

ZiO Nouveau Tr6sor; or, French Student's Gompanion. By 

M. E. S. 19th Edition. Fcap. Svo. Is. 6d. 
French Papers for the Prelim. Army Exams. Collected by 

J. F. Davis, D.Lit. [_Immediatdy, 

French Examination Papers in Miscellaneous Grammar and 

Idioms. Compiled by A. M. M. Stedman, M.A. 4th Edition. Grown 
8vo. 28. 6d. Key. 5s. (For Teachers or iSrivate Students only.) 

Manual of French Prosody. By Arthur Gosset, M.A. Crown 

8vo. 38. 

Lexicon of Conyersational French. By A. Holloway. 3rd 

Edition. Grown 8vo. Ss. 6d. 

PROF. A. BARRERE'S FRENCH COURSE. 
Junior Graduated French Course. Crown 8yo. Is. 6d, 
Elements of French Grammar and First Steps in Idiom. 

Grown 8vo. 28. 

Precis of Comparative French Grammar. 2nd Edition. Crown 

8vo. 38. 6d. 
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F. E. A. GASO'S FRENCH OOUBSB. 

Flnt Frenoh Book. Foap. 8to. 106th Thoasand. U, 
Second Frenoh Book. 52nd Thonsattd. Foap. 870. 1». 6d. 
Key to First and Second French Books. 5th Edit. Fop. Svo, 8«. Gd. 
Frenoh Fables for Beginners, in Prose, with Index. 16th Thousand. 

12mo. l8. 6d. 

Seleot Fables of La Fontahie. 18th Thousand. Foap.870. It. 6d. 

Elstoires Amusantea et InstruotlyeB. ^th Notes. 17th Thou- 
sand. Fcap. Svo. 28. 

Praotioal Q-ulde to Modem Frenoh OonverBatlon. 18th Thou- 
sand. Fcap. 8yo. la. 6d. 

FrenohPoeIxy for the Young. With Notes. 5th Ed. Fop. 8vo. Ss. 
Materials for Frenoh Prose OompoBition ; or, Selections from 

tlie best English Prose Writers. 19tli Thoas. Foap. Svo. 3s. Key* 8s. 

Prosateum Contemporains. With Notes. 11th Edition, re- 
vised. 12mo. 38. 6d. 

Le Petit Oompagnon ; a French Talk-Book for Little Children. 

12th Thousand. 16mo. Is 6d. 

An Lnproved Modem Pooket Dictionary of the Frenoh and 

English Languages. 45th Thousand. 18mo. 28. 6d. 

Modem Frenoh-Bngllsh and BngUsh-Frenoh Dlotionary. 4th 

Edition, revised, with new supplements. lOs. 6d. In use at Harrow, 
Rugby, Westminster, Shrewsbury, Radley, &c. 

The ABO Tourist's Frenoh Interpreter of all Immediate 

Wants. By F. E. A. Gasc. Is. 

MODERN FRENOH AUTHORS. 

Edited, with Introductions and Notes, by James Boiellb, Senior 
French Master at Dulwich College. 

Daudet's La Belle Nivemaise. 28, 6d, For Beginnert, 
Hugo's Bug Jsurgal. 3«. For Advanced Students, 
Balzac's Ursule Mlrouet. Ss, For Advanced Students, 



GOMBEBT'S FRENCH DRAMA. 
Being a Selection of the beat Tragedies and Comedies of Molidre, 

Baoine, OomeiUe, and Voltaire. With Aivnmenta and Notes hj A. 
Gombert. New Edition, revised by F. B. A. Gaso. Foap. 8yo. la. Moh| 
sewed, od. Coutkhts. 

MOLZiax :— Le Misanthrope. L'Avare. Le Bonrgeois Qentilhomme. Le 
Tartnffe. Le Malade Imaginaire. Les Femmes Bavantes. Lei Fbnrberies 
de Scapin. Les Prtfoienses Bidioules. L'Boole des Femmes. L'Boole dei 
Maris. Le MMecin malgrtf Lni. 

Baoink :— PhMre. Esther. AthaUe. IpUg^nie. Les Plaidears. La 
Th<balde; oUfLesFrAresBnnemis. Andromaqne. Britaimioiu. 

P. OoBNBiLLB:— LeOid. Horaoe. Oinna. Poljreaote. 

VOLTAiBS :— Zaire. 
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GERMAN CLASS-BOOKS. 

Materlalfl for German Froie Ck>mpoiltlon. By Dr. Bnohheim. 

ISth Edition. Foap. 46. 6d. K^, Parts I. and II., 8i. Parte HI. and lY., 48. 
Goethe's Faust. Text, Hay ward's Prose Translation, and Notes. 

Edited by Dr. Bnohheim. 58. \hi the press, 

German. The Candidate's Yade Mecum. Five Hundred Easy 
Sentences and Idioms. By an Army Tutor. Cloth, Is. For Army Exams, 

Wortfolge, or Rules and Exercises on the Order of Words in 

German Sentences. By Dr. F. Stock. Is. 6d. 

A (German Grammar for Public Schools. By the Bev. A. 0. 

OlapinandF. HollMiUler. 5th Edition. Foap. 28. 6d. 

A German Primer, with Exercises. By Bev. A. C. Clapin. 

2nd Edition. 18. 

Eotzebue's Der Gefangene. With Notes by Dr. W.Stromberg. It. 
German Examination Papers in Grammar and Idiom. By 

R. J. Morich. 2nd Edition. 28. 6d. Key for Tutors only, 5s. 

By Frz. Lange, Ph.D., Professor B.M.A., Woolwich, Examiner 

in German to the Coll. of Preceptors, and also at the 

Victoria University, Manchester. 

A Concise German Grammar. In Three Parts. Part I., Ele- 
mentary, 28. Part II., Intermediate, 28. Part III., Advanced, 38. 6d. 

German Examination Course. Elementary, 2$, Intermediate, 2^. 

Advanced, Is. 6d. 
German Header. Elementary, Is. 6J. Advanced, 3«. 



MODERN GERMAN SCHOOL CLASSICS. 

Small Crown 8vo. 

Hey's Fabeln Fiir Kinder. Edited, with Vocabulary, by Prof. 

P. Lange, Ph.D. Printed in Roman chMi-acters. l8. 6d. 

The same with Phonetic Transcription of Text, &c. 2«. 

Benedix's Dr. Wespe. Edited by F. Lange, Ph.D. 28, 6(2. 
Hof&nan's Meister Martin, der Eufner. By Prof. F. Lange, Ph.D. 

U6d. 

Heyse's Hans Lange. By A. A. Macdonell, M.A., Ph.D. 2s, 
Auerbach's Auf Waohe, and Roquette's Der Gefrorene Kuss. 

By A A. Macdonell, M.A 28. 

Moser's Der Bibliothekar. By Prof. F. Lange, Ph.D. 3rd Edi 

tion. 2s, 

Ebers' Eine Prage. By F. Storr, B.A. 2*. 

Freytag's Die Joumalisten. By Prof . F. Lange, Ph.D. 2nd Edi- 
tion, revised. 2s. Gd. 

Gutzkow's Zopf und Sohwert. By Prof. F. Lange, Ph.D. 2f. 

C^erman Epic Tales. Edited by Karl Neuhaus, Ph.D. 28, 6d. 

Sheffel's Ekkehard. Edited by Dr. H. Hager. 3s. 
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DIVINITY, MORAL PHILOSOPHY, &o. 

Bt the Bet. F. H. Scbivenbb, A.M., LL.D., D.G.L. 
Noynm Testamentam Qn^ie, Editio major. Being an enlarged 

Edition* containing the Readings of Bishop Westcott and Dr. Hort, and 
those adopted by the Revisers, &c. 7s. 6d. {For other EditiofMaM^ageZ.) 

A Plain Introduction to the Critioism of the New Testament. 

With Forty IVtcsimiles from Ancient Manosoripta. 3rd Edition. 8to.188. 

Six Lectures on the Text of the New Testament For English 

BfOadeni. Grown 8vo. Gs. 

Oodex Besss Oantabrlglensis. 4to. IO5. 6c2. 



The New Testament for English Readers. By the late H. Alford, 

D.D. Vol. I. Part 1. 8rd Edit. 12s. Vol. I. Part II. 2nd Edit. 10b. 6d. 
Vol. II. Part I. 2nd Edit. 168. Vol. II. Part II. 2nd Edit. 168. 

The Greek Testament. By the late H. Alford, D.D. VoL I. 7th 

Edit. 11. 88. Vol. n. 8th Edit. 11. 48. Vol. III. lOth Edit. ISs. Vol. IV. 
Part I. 5th Edit. 188. Vol. IV. Part II. 10th Edit. 148. Vol. IV. 11. 128. 

Companion to the Greek Testament By A. G. Barrett, M.A. 

5th Edition, revised. Fcap. 8vo. Ss. 
Guide to the Textual Oriticism of the New Testament, By 

Rev. E. Miller, M.A. Crown 8vo. 48. 

The Book of Psalms. A New Translation, with Introdnotions, <S^o. 
By theVery Rev. J. J. StewartPerowne, D.D. 8vo. Vol. I. 7th Edition, 
186. VoL II. 6th Edit. 168. 

— »» Abridged for Schools, 7th Edition. Crown 870. lOt. 6(2. 
History of the Articles of Religion. By C. H. Hardwick. 8rd 

Edition. Po6t8vo. 58. 

History of the Greeds. By Bev. Professor Lnmby, D.D. 3rd 
Edition. Grown 8vo. 78. 6d. 

Pearson on the Greed. Carefully printed from an early edition. 
With Analysis and Index by E. Walford, M.A. Post 8vo. 58. 

liturgies and Offices of the Church, for the Use of English 

Readers, in Illustration of the Book of Common Prayer. By the Rev. 
Edwaxd Bnrbidge, M.A. Crown 8vo. 98. 

An Historical and Explanatory Treatise on the Book of 

Oommon Prayer. By Rev. W.*G. Humphry, B.D. 6th Edition, enlarged. 
Small Post 8vo. 28. 6a. ; Cheap Edition, Is. 

A Ckmunentary on the Gk>spels, Epistles, and Acts of the 

Apostles. By Rev. W.Denton, A. M. New Edition. 7vols. 8vo. Os. each. 

Notes on the Oateohism. By Bt Bev. Bishop Barry, 9th Edit. 
Foap. 28. 

The Wlnton Ohuroh Cateohist. Questions and Answers on the 

Teaching of tiie Church Catechism. By the late Rev. J. 8. B. Monsell, 
LL.D. 4th Edition. Cloth, 3s. ; or in Four Parts, sewed. 

The Church Teacher's Manusd of Christian Instruction. By 

Rev. M. F. Sadler. 43rd Thousand. 28. 6d. 
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TECHNOLOGICAL HANDBOOKS. 

Edited by Snt H. Tbueman Wood, Secretary of the Society of Arts, 
Dyeing and Tissue Printing. By W. Crookes, F JI.S. 5«. 

Glass Manufacture. By Henry Chance, M.A.; H. J. Powell, B.A.; 
and H. O. Harris. Zs. 6d. 

Gotten Spinning. By Biehard Marsden, of Manchester. 3rd 
Edition, revised. 68. 6d. 

Ohemistry of Coal- Tar Colours. By Prof. Benedikt, and Dr. 
Knecht of Bradford Technical College. 2nd Edition, enlarged. 68. 64. 

Woollen and Worsted Cloth Manufacture. By Professor 
Roberts Beaumont, The Torkshire College, Leeds. 2nd Edition. Is, 6d. 

Cotton Weaving. By R. Marsden. • [In the press. 

Bookbinding. By J. W. Zaehnsdorf , with eight plates and many 

illustrations. 5s. 

Printing. By 0. T. Jacobi, Manager of the Chiswick Press. 6s, 



BELL'S AGRICULTURAL SERIES. 

The Farm and the Dairy. By Prof. Sheldon. 2«. 6d. 
Soils and their Properties. By Dr. Fream. 2«. 6(2. 
The Diseases of Crops. By Dr. Griffiths. 25. 6rf. 
Manures and their Uses. By Dr. Griffiths. 2,s, Cd 
Tillage and Implements. By W. J. Maiden. 25. 6 J. 



HISTORY. 

Modem Europe. By Dr. T. H. Dyer. 2nd Edition, revised and 
continued. 5 vols. Demy Syo. * 21. 12s. 6d. 

The Decline of the Boman Republic. By G. Long. 5 vols. 

8to. 58. each. 
Hlstorioal Maps of England. By C. H. Pearson. Folio. Srd 

Edition revised. 8l8. 6d. 
England in the Fifteenth Century. By the late Rev. W. 

Douton, M.A. Demy 8yo. 128. 

Feudalism: Its Bise, Progress, and Consequences. By Judge 

Abdy. 78. 6d. 

History of England. 1800-46. By Harriet Martineau, with new 

and copious Index. 5 vols. 2s. 6d. each. 

^jf^^oal Synopsis of English History. By A. Bowes. 9th 

cji. tp -»i revised. 8vo. 1«. 
Snenei 
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ZjiTQS of the Queens of England. By A. Strickland. Library 

Edition, 8 vols. 78. 6d. each. Cheaper Bdition, 6 vols. St. each. Abridf?ed 
Edition, 1 vol. 6a. 6d. Mary Queen of Soots, 2 vols. 6s, each. Tudor and 
Stuart Princesses, 56. 

The Elements of (General History. By Prof. Tytler, New 

Edition, brought down to 1874. Small Post 8yo. 3s. 6d. 

History and Geography Examination t^apers. Compileol by 

G. H. Spence, M.A., Clifton College. Crown Svo. 28. 6d. 

The Schoolmaster suid the Law. By Williams and Markrvick. 

l8. 6(2. 

For other Hisiorical Boolcs, see Catalogue ofBohn's Libraries, sent free on 

application. 



DICTIONARIES. 

WEBSTER'S INTERNATIONAL DICTIONARY of the 

English Langna^re. Including Scientific, Technical, and Biblical Words 
and Terms, with their Significations, Pronunciations, Etymologies, 
Alternative Spellings, Derivations, Synonyms, and numerous illustrative 
Quotations, with various valuable literary Appendices and 83 extra pages 
of Illustrations grouped and classified, rendering the work a Complkts 
Literary and Scientific Refkrence-Book. New Edition (1890). 
Thoroughly revised and enlarged under the supervision of Noah Porter, 
D.D., LL.D. 1 vol. (2118 pages, 3500 woodcuts), 4to. cloth. Sis. 6d. ; 
full sheep, 21. 2s. ; calf, 21. Ss. ; half russia, 21. 58. ; or in 2 vols, cloth, 
11. 14s. 

Prospectuses, with specimeyi pages, sent free on application, 

Richardson's Philological Dictionary of the English Language. 

Combining Explanation with Etymology, and copiously illustrated by 
(,?|uotation8 from the best Authorities. With a Supplement. 2 vols. 4to. 
4l. Its. 6d. Supplement separately. 4to. 128. 

Kluge's Etymological Dictionary of the German Language. 

Translated from the 4th German edition by J. P. Davis, D.Lit., M.A. 

(Loud.). Crown 4to. half buckram, ISs. 

« 

Dictionary of the French and English Languages, with more 

than Fifteen Thousand New Words, Senses, &c. By F. E. A. Gasc. With 
Mew Supplements. 4th Edition, Revised and Enlarged. Demy 8vo. 
10?. 6d. In use at Harrow, Rugbt, Shrewsbury, &c. 

Pocket Dictionary of the French and English Languages. 

By F. E. A. Gasc. Containing more than Five Thousand Modem and 
Current Words, Senses, and Idiomatic Phrases and Renderings, not found 
in any other dictionary of the two languages. New edition, with addi- 
tions and corrections. 45th Thousand. 16mo. Cloth, 2«. 6d. 

Argot and Slang. A new French and English Dictionary of the 
Cant Words, Quaint Expressions, Slang Tenns, and Flash Phrases used 
in the hijrh and low life of old and new Paris. By Albert Barrere, Officier 
do r Instruction Publiquo. New and Heyised Edition, large post 8vo. 
10«. 6d. 
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ENGLISH CLASS-BOOKS. 

Comparative Grammar and Philology. By A. 0. Priee, M.A., 

ARsigtant Master at Leeds Grammar School. 2$. 6d. 
The £;iemenui of the JBnglish Language. By E. Adama. Ph.D. 
24bh Edition. Thoroughly revised by J. P. Davis, D.Lit, M.A. 
PostSvo. 48.6(2. 

The Audlmenta of English Grammar and Analyals. By 

Bt. Adams, Ph.D. 17th Thousand. 'Ecaup, 8vo. Is. 
A Concise System of Parsing. By L. E. Adams, B.A. Is. 6(2. 
General Knowledge Examination Papers. Compiled by 

A. M. M. Htedman, M.A. 28. 6d. 

Examples for Grammatical Analysis (Verse and Prose). Se- 
lected, ftc., by F. Edwards. New edition. Oloth, Is. 

Notes on Shakespeare's Plays. By T. Duff Bamett, BA. 
MiDSUMMKR Night's Dream, 18. ; Julius Ojesas, Is.; Hbhbt V., is.; 
Tkmpest, Is. ; Macbkth, l8. ; Merchant of Venice, Is.; Haklet. Is. ; 
Richard XL, Is. ; Kino John, Is.; King Lxab, ls.;.COBiOiiANns, Is. 

By G. P. Mason, Fellow of Univ. C!oll. London. 
First Notions of Grammar for Tonng Learners. Foap. 8yo. 

r>7th Thousand. Revised and enlarged. Oloth. Is. 

First Steps In English Grammar for Jnmor Glasses. Demy 

ISmo. 40th Thousand. Is. 

Outlines of English Grammar for the Use of Junior Glasses. 

77th Thousand. Crown 8vo. 2s. 

English Grammar, including the Principles of Grammatical 

Analysis. 32nd Edition. ISlst to 136th Thousand. Grown 8vo. Ss. 6d. 

Practice and Help in the Analysis of Sentences. 2«. 

A Shorter English Grammar, with copious Exercises. 89th 

to 43rd Thousand. Grown 8vo. Ss. 6d. 

English Grammar Praotioe, being the Exercises separately. It. 
Code Standard Grammars. Parts I. and II., 2(2. each. Parts lU., 

IV., and v., 3d. each. 



Notes of Lessons, their Preparation, &c. By Job6 Bickard, 

Park Lano Board School, Leeds, and A. H. Taylor, Bodley Board 
School, Leeds. 2nd Edition. Grown 8vo. 28. 6d. 

A Syllabic System of Teaching to Bead, combining the advan- 
tages of the ' Phonic ' and the ' Look-and-Say ' Systems. Grown 8vo. Is. 
PracUoal Hints on Teaching. By Bev. J. Menet, M.A. 6th Edit. 

revised. Grown 8vo. paper, 28. 
Test Lessons in Dictation. 4th Edition. Paper cover, 1$. 6d. 
Elementary Mechanics. By J. C. Horobin, B.A., Principal of 

Homertou Training College. Stage I. Is. 6d. 

Picture Scnooi-Books. In Smiple Language, with numerous 

IlIuRd-Htious. Boyal 16mo. 
The Infant's Primer. 3d.— School Primer. 6d.— School Reader. By J. 
Tilleard. Is.— Poetry Book for Schools. Is.— The Life of Joseph. Is.— The 
Scripture Parables. By the Bev. J. B. Glarke. Is.- The Scripture Miracles. 
By the Bev. J. E. Glarke. Is.— The New Testament History. By the Bev. 
J. G. Wood, M.A. Is.— The Old Testament History. Bv the Bev. J. G. 
Wood, M.A. Is.— The Life of Martin Luther. By Sarah Orompton. U. 
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BOOKS FOR YOUNQ READERS. 

A Series of Reccing Books designed to facilitate the acquisition ofthepowsf 
of Reading hy very yoimg Children, /nil vols, limp cloth, dd, each. 

Those with an asterisk have a Frontispiece or other ninstratioiu. 

*The Old Boathouse. Bell and Fan; or, A Gold Dip. 
*Tot and the Cat A Bit of Cake. The Jay. The 

Black Hen's Nest Tom and Ned. Mrs. Bee. I SuUM§ 

*The Cat and the Hen. Sam and hlB Dog Bedleg. / jJZ^t 

Bob and Tom Lee. A Wreck. 

*The New-born Lamb. The Rosewood Box. Poor 

Fan. Sheep Dog. ' 



IVanb. 



*The Two Parrots. A Tale of the Jubilee. By M. E. 

Wintle. 9 lUnstrations. 

*The Story of Three Monkeys. 
♦Story of a Cat. Told by Herself. • \ g^^^o^i. 

The Blind Boy. The Mute Olrl. A New Tale of , /n^ 

Babes in a Wood. / Stand»ird» 

The Dey and the Knight. The New Bank Note. * '' * ^^* 

The Royal Visit. A King's Walk on a Winter's Day. 

* Queen Bee and Busy Bee. 

♦aull's Crag. / 

Syllabio Spelling. By C. Barton. In Two Farts. Infants, Sd. 

standard I., 3d. 

Helps' Course of Poetry, for Schools. A New Selection from 
the English Poets, carefnlly compiled and adapted to the seyeral standards 
by £. A. Helps, one of H.M. Inspectors of Schools. 

Book I. Infants and Standards I. and II. 134 pp. small 8vo. 9d. 

Book II. Standards III. and IV. 224 pp. crown Svo. Is. 6d. 

Book III. Standards Y., YL, and YII. 352 pp. post 8vo. 2n, 

Or in PARTS. Infants, 2d. ; Standard L, 2d. ; Standard IL, 2d. 
Standard III., 4d. 



GEOGRAPHICAL SERIES. By M. J. Barrinqton Ward, M.A 

With Illustrations, 

The Map and the Compass. A Reading-Book of Geography. 

For Standard I. New Edition, revised. 8d. cloth. 

The Hound World. A Reading-Book of Geography. For 

standard II. New Edition, revised and enlarged. lOd. 

About England. A Reading-Book of G^graphy for Standard 

III. [In the press. 

The Child's Geography. For the Use of Schools and for Home 

Tnition. 6d. 

The Child's Geography of Engpland. With Introductory Ezer- 
oises on the British Isles and Empire, with Qnastions. 28. 6d. Without 
Q^.a^jtions. 2s. 
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BELL'S READING-BOOKS. 

FOB BOHOOI^S AND PABOOHIAL LIBBARIBS. 
Now Ready. PoitOvo, Strongly houndinclotfif Is, each, 

^Life of Columbus. 

^Orimm's Gherman Talei. (Selected.) 

*And6nen'8 DanUih Tales. IllustratecL (Selected.) 

G^reat Englishmen. Short Lives for Young Children. 

Oreat Englishwomen. Short Lives of. 

Great Sootsmen. Short Lives of. 

Parables firom Nature. (Selected.) ByMrs. Gatty. 

Edgeworth's Tales. (A Selection.) 
*Poor Jack. By Capt. Marryat, B.N. (Abridged.) 

*SGott's Talisman. (Abridged.) 

* Friends in Fur and Feathers. By Gwynfryn. 
*Poor Jack. By Captain Marryat, B.N. Abgd. 
*Masterman Ready. By Capt. Manyat. Illus. (Abgd.) 

Lamb's Tales from Shakespeare. (Selected.) 
'Gulliver's Travels. (Abridged.) 

* Robinson Crusoe. Illustrated. 

* Arabian Nights. (A Selection Bewritten.) 

*Diokens's Little Nell. Abridged from the ' The Old 
Ourioedty Shop.' 

*The Vicar of Wakefield. 

*Settlers in Canada. By Capt. Marryat. (Abridged.) 
Poetry for Boys. Selected by D. Munro. 
*Southey's Life of Nelson. (Abridged.) / 

*Life of the Duke ofWellington, with Maps and Flans. 
*Sir Roger de Coverley and other Essays from the 

Spectator. 

Tales of the Coast By J. Bunciman. 

* The$e Volumes are Illustrated, 
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Uniform with the Series, in limp cloth, 6d each, 

Shakespeare's Plays. Eemble's Beading Edition. With Ex- 
planatory Notes for School Use. 

JULIUS C-ffiSAR. THE MERCHANT OP VENICE. KINO JOHN. 
HENRY THE FIFTH. MACBETH. AS YOU LIKE IT. 
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